Darboux points and integrability of homogeneous Hamiltonian systems with
  three and more degrees of freedom. Nongeneric cases by Przybylska, Maria
ar
X
iv
:0
90
3.
50
69
v1
  [
nli
n.S
I] 
 29
 M
ar 
20
09
Darboux points and integrability of homogeneous
Hamiltonian systems with three and more degrees of
freedom. Nongeneric cases
Maria Przybylska
Torun´ Centre for Astronomy, N. Copernicus University,
Gagarina 11, PL-87–100 Torun´, Poland,
(e-mail: Maria.Przybylska@astri.uni.torun.pl)
Abstract. In this paper the problem of classification of integrable natural Hamiltonian systems
with n degrees of freedom given by a Hamilton function which is the sum of the standard kinetic
energy and a homogeneous polynomial potential V of degree k > 2 is investigated. It is assumed
that the potential is not generic. Except for some particular cases a potential V is not generic, if
it admits a nonzero solution of equation V′(d) = 0. The existence of such solution gives very
strong integrability obstructions obtained in the frame of the Morales-Ramis theory. This theory
gives also additional integrability obstructions which have the form of restrictions imposed on the
eigenvalues (λ1, . . . , λn) of the Hessian matrix V
′′(d) calculated at a non-zero d ∈ Cn satisfying
V′(d) = d. In our previous work we showed that for generic potentials some universal relations
between (λ1, . . . , λn) calculated at various solutions of V
′(d) = d exist. These relations allow to
prove that the number of potentials satisfying the necessary conditions for the integrability is finite.
The main aim of this paper was to show that relations of such forms also exist for nongeneric
potentials. We show their existence and derive them for case n = k = 3 applying the multivariable
residue calculus. We demonstrate the strength of the obtained results analysing in details the
nongeneric cases for n = k = 3. Our analysis cover all the possibilities and we distinguish those
cases where known methods are too weak to decide if the potential is integrable or not. Moreover,
for n = k = 3 thanks to this analysis a three-parameter family of potentials integrable or super-
integrable with additional polynomial first integrals which seemingly can be of an arbitrarily high
degree with respect to the momenta was distinguished.
For an arbitrary n > 2 and k > 2 we show how to distinguish different types of nongeneric
potentials and we analyse their integrability properties.
MSC2000 numbers: 37J30, 70H07, 37J35, 34M35.
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1 Introduction
In this paper we consider natural Hamiltonian systems given by the following Hamiltonian
H =
1
2
pTp+V(q), q, p ∈ Cn, (1.1)
where V(q) is a homogeneous polynomial of degree k > 2. The canonical equations corre-
sponding to the above Hamiltonian have the form
d
dt
q = p,
d
dt
p = −V ′(q), (1.2)
where V ′(q) := gradV(q) denotes the gradient of V(q). We say that a potential V is
integrable if the above canonical equations are integrable in the Liouville sense.
This paper is a continuation of our previous work [27] where the following classification
problem was formulated.
Give a complete list of integrable homogeneous polynomial potentials for given k > 2
and n ≥ 2. In other words: formulate necessary and sufficient conditions for the
integrability of homogeneous polynomial potentials.
For two degrees of freedom and for small k this problem was analysed and solved in
[15; 16]. However, methods from those papers do not have direct extensions for n > 2
degrees of freedom. As it was shown in [27], the problem in higher dimensions is difficult
but nevertheless it is tractable with more advanced methods of algebraic geometry and the
multivariable residue calculus. All these techniques are described in [27]. In that paper all
integrable potentials with n = k = 3 and satisfying certain ‘genericity’ assumption were
found. Later we give a precise definition of a generic homogeneous polynomial potential,
but, independently what the genericity means, it must be underlined that the integrability
is an extremely exceptional phenomenon, and this is why we cannot exclude from our
considerations certain classes of potentials.
The aim of this paper is to investigate the integrability properties of nongeneric homo-
geneous polynomial potentials. It appears that among them we can find also integrable
ones.
The plan of this paper is the following. In the next section 2 we define more precisely
the notion of the Darboux point that is crucial in the whole integrability analysis and
recapitulate all integrability obstructions caused by the presence of such points. In Section 3
some general results concerning any number n of degrees of freedom are presented. The
rest of this paper constitutes Section 4 containing the integrability analysis for n = k = 3
in nongeneric cases ordered by the number of proper Darboux points. For convenience of
the reader the main results obtained in this section are summarised just at its beginning.
Remark 1.1 As in [27] we divide all potentials into equivalent classes. We say that V and V˜ are
equivalent if there exists a matrix A ∈ PO(n,C) such that V˜(q) = VA(q) := V(Aq). Here
PO(n,C) denotes the complex projective orthogonal group, defined by
PO(n,C) = {A ∈ GL(n,C), | AAT = αEn, α ∈ C
⋆}, (1.3)
and En is n-dimensional identity matrix. Later a potential means a class of equivalent potentials in
the above sense.
Remark 1.2 Let us consider a following Hamiltonian function
H =
1
2
pTKp+V(q),
where KT = K is semi-simple, and detK 6= 0. It is easy to show that we can find a linear symplectic
transformation
q = AQ, p = A−1P,
such that in new variables the Hamiltonian reads
H =
1
2
PTP+W(Q),
where W(Q) := V(AQ). This shows that the restriction of the kinetic energy in (1.1) to T = 12 p
Tp
is in fact equivalent to the assumption that T is a quadratic form in the momenta with constant
coefficients.
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Remark 1.3 Many integrable potentials found in this paper as well as in [27] have complex coef-
ficients. The question is if such potentials can be equivalent to real ones. In other words, whether
exists A ∈ PO(n,C) such that for a given V ∈ C[q] we have VA ∈ R[q]. It seems that this
question is difficult even for n = 3. Nevertheless, for all integrable potentials which are given in
this paper as well as in [27] we can find a linear canonical change of variables which transforms
Hamiltonian (1.1) with V ∈ C[q] into
H =
1
2
pTKp+ V˜(q),
where V˜ ∈ R[q], and
K = diag(ε1, . . . , εn), ε i ∈ {−1, 1}. (1.4)
2 Darboux points and obstructions to the integrability
In this section we collected all known integrability obstructions for homogeneous polyno-
mial potentials. There are two types of them. The first ones are obtained by an application
of the Morales-Ramis theory, see [19; 18; 3; 2; 22] that formulates the necessary integrability
conditions in terms of properties of the differential Galois group of variational equations
along a certain non-stationary particular solution. In the case of canonical equations (1.2)
we look for a particular solution of the form
q(t) = ϕ(t)d, p(t) = ϕ˙(t)d, (2.1)
where d ∈ Cn is a non-zero vector, and ϕ(t) is a scalar function satisfying ϕ¨ = −ϕk−1.
Then, it appears, that all the properties of differential Galois group of variational equations
along this particular solution can be expressed in terms of eigenvalues of Hessian matrix
V ′′(d).
The other type of integrability obstructions for homogeneous polynomial potentials can
be obtain by a certain kind of global analysis. It is easy to see that if (2.1) is a solution (1.2),
then d is a solution of the following equation
V ′(d) = γd, where γ ∈ C⋆. (2.2)
Each solution d 6= 0 of the above algebraic equations gives obstructions for the integra-
bility expressed in terms of eigenvalues of V ′′(d). It can be shown that between all the
eigenvalues taken at all possible solutions of (2.2) certain relations exist which give very
strong restrictions to the integrability if we combine them with results obtained from the
Morales-Ramis theory. We see that solutions of (2.2) play a crucial role. We start with
some definitions which give a proper geometric and algebraic framework to study the set
of these solutions.
Let us recall that a point in the m dimensional complex projective space CPm is specified
by its homogeneous coordinates [z] = [z0 : · · · : zm], where z = (z0, . . . , zm) ∈ Cm+1 \ {0};
moreover, z 6= 0, and λz with λ ∈ C⋆ define the same point [z] = [λz] in CPm. Let
Ui := {[z0 : · · · : zm] ∈ CP
m | zi 6= 0 } for i = 0, . . . ,m, (2.3)
then
CPm =
m⋃
i=0
Ui, (2.4)
and we have natural coordinate maps
θi : CP
m ⊃ Ui → C
m, θi([z]) = (x1, . . . , xm),
3
where
(x1, . . . , xm) =
(
z1
zi
, . . . ,
zi−1
zi
,
zi+1
zi
, . . . ,
zm
zi
)
. (2.5)
Each Ui is homeomorphic to C
m. It is easy to check that charts (Ui, θi), i = 0, . . . ,m form
an atlas which makes CPm an holomorphic m-dimensional manifold.
Let V be a homogeneous polynomial potential of degree k > 2, i.e., V ∈ Ck[q], and
d ∈ Cn \ {0}. We say that [d] ∈ CPn−1 is a Darboux point of V iff
d ∧V ′(d) = 0, d 6= 0. (2.6)
The set D(V) ⊂ CPn−1 of all Darboux points of a potential V is a projective algebraic set.
In fact, D(V) is the zero locus in CPn−1 of homogeneous polynomials Ri,j ∈ Ck[q] which
are components of q ∧V ′(q), i.e.
Ri,j := qi
∂V
∂qj
− qj
∂V
∂qi
, where 1 ≤ i < j ≤ n. (2.7)
We say that a Darboux point [d] ∈ D(V) is a proper Darboux point of V, iff V ′(d) 6= 0.
The set of all proper Darboux points of V is denoted by D⋆(V). If [d] ∈ D(V) \D⋆(V),
then [d] is called an improper Darboux point of potential V.
If [d] is a Darboux point of V, then it is called an isotropic Darboux point, iff
d21 + · · ·+ d
2
n = 0. (2.8)
We say that homogeneous polynomial potential V of degree k > 0 is generic if all its
Darboux points are proper and simple. In this case it has exactly
D(n, k) =
(k− 1)n − 1
k− 2
,
Darboux points.
Remark 2.1 The set of all homogeneous polynomials of degree k in n variables is a C-vector space
of dimension (n+k−1k ).
If we choose the affine chart (U1, θ1) on CP
n−1, then Darboux points located on U1 are
characterised in the following way.
Lemma 2.1. On the affine chart (U1, θ1) we have
θ1(D(V) ∩U1) = V(g1, . . . , gn−1), (2.9)
where polynomials g1, . . . , gn−1 ∈ C[x˜] are given by
v(x˜) := V(1, x1, . . . , xn−1), g0 := kv−
n−1
∑
i=1
xi
∂v
∂xi
, (2.10)
and
gi :=
∂v
∂xi
− xig0, for i = 1, . . . , n− 1. (2.11)
Moreover, [d] ∈ D(V) ∩U1 is an improper Darboux point iff its affine coordinates a˜ := θ1([d])
satisfy g0(a˜) = 0.
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The presence of a proper Darboux point yields quite strong integrability obstructions.
Let us assume that V possesses a proper Darboux point [d]. We assume that V ′′(d) is
diagonalisable with eigenvalues (λ1, . . . ,λn). Vector d is an eigenvector of V
′′(d) with
eigenvalue λn = k − 1, and we called this eigenvalue trivial. Morales and Ramis have
proved in [20], see also [18], the following result.
Theorem 2.1. If Hamiltonian system (1.2) with polynomial homogeneous potential V(q) of degree
k > 2 is meromorphically integrable in the Liouville sense, then for a proper Darboux point the
values of (k,λi) for i = 1, . . . , n belong to the following list
1.
(
k, p+
k
2
p(p− 1)
)
, 2.
(
k,
1
2
[
k− 1
k
+ p(p+ 1)k
])
,
3.
(
3,−
1
24
+
1
6
(1+ 3p)2
)
, 4.
(
3,−
1
24
+
3
32
(1+ 4p)2
)
,
5.
(
3,−
1
24
+
3
50
(1+ 5p)2
)
, 6.
(
3,−
1
24
+
3
50
(2+ 5p)2
)
,
7.
(
4,−
1
8
+
2
9
(1+ 3p)2
)
, 8.
(
5,−
9
40
+
5
18
(1+ 3p)2
)
,
9.
(
5,−
9
40
+
1
10
(2+ 5p)2
)
,
(2.12)
where p is an integer.
We denote by Mk a subset of rational numbers λ specified by items of the table in the
above theorem for a given k.
Remark 2.2 Let us note that the eigenvalues of V ′′(d) depend on the representative of the Darboux
point [d]. Thus instead of λi one should use λi/λn as these quantities that are well defined functions
of the Darboux point. However, because of long tradition we accept the following convention. If
[d] ∈ CPn−1 is a proper Darboux point of V, then we always choose its representative d ∈ Cn in
such a way that it satisfies V ′(d) = d.
Remark 2.3 It was explained in [8] that the assumption that V ′′(d) is diagonalisable is irrelevant.
That is, the necessary conditions for the integrability are the same: if the potential is integrable, then
each λ ∈ spectrV ′′(d) must belong to appropriate items of the above list. Additionally, if V ′′(d)
is not diagonalisable, then new obstacles for the integrability appear. Namely, if the Jordan form of
V ′′(d) has a block
J3(λ) :=
λ 1 00 λ 1
0 0 λ
 ,
then the system is not integrable. Moreover, if the Jordan form of V ′′(d) has a two dimensional block
J2(λ), and λ belongs to the first item of table (2.12), then the system is not integrable. This fact was
proved in [8].
In other words, the presence of a proper Darboux point d for that the Jordan form of V ′′(d)
has a block of dimension greather than two or degree two with λi that belongs to the first item of
table (2.12) implies immediately the nonintegrability of the potential.
It appeared quite recently, see [27], that improper Darboux points also give very strong
integrability obstructions.
Theorem 2.2. Assume that a homogeneous potential V ∈ Ck[q] of degree k > 2 admits an improper
Darboux point [d] ∈ CPn−1. If V is integrable with rational first integrals, then matrix V ′′(d) is
nilpotent, i.e., all its eigenvalues vanish.
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Eigenvalues of V ′′(d) taken over all proper Darboux points are not arbitrary. There
are some relations between them. Moreover, these relations have the same form for an
arbitrary potential of a fixed degree k and satisfying certain genericity assumptions. We
say that these relations are universal as they do not depend on the values of the potential
coefficients nor on its integrability properties. For their description we define the spec-
trum of proper Darboux point [d] as the (n− 1)-tuple Λ(d) = (Λ1(d), . . . ,Λn−1(d)), where
Λi(d) := λi(d)− 1 for i = 1, . . . , n− 1. For 0 ≤ r ≤ n− 1 we denote by τr the elementary
symmetric polynomials in (n− 1) variables of degree r, i.e.,
τr(x) := τr(x1, . . . , xn−1) = ∑
1≤i1<···<ir≤n−1
r
∏
s=1
xis , 1 ≤ r ≤ n− 1,
and τ0(x) := 1. Then one can prove the following theorem [25; 27].
Theorem 2.3. Let V ∈ Ck[q] be a homogeneous potential of integer degree k > 2, and let all its
Darboux points be proper and simple. Then relations
∑
[d]∈D⋆(V)
τ1(Λ(d))
r
τn−1(Λ(d))
= (−1)n−1(−n− (k− 2))r, (2.13)
and
∑
[d]∈D⋆(V)
τr(Λ(d))
τn−1(Λ(d))
= (−1)r+n−1
r
∑
i=0
(
n− i− 1
r− i
)
(k− 1)i, (2.14)
for r = 0, . . . , n− 1 are satisfied.
There exist generalisations of Theorem 2.3 with weaker assumptions in the following
cases
• k = 3 and all proper Darboux points V are simple,
• k > 2, all proper Darboux points of V are simple and all improper Darboux points
are minimally degenerated, for the definition of this notion see [27].
In both these cases relations (2.13) and (2.14) with r = 0, . . . , n− 2, are satisfied.
The existence of these relations enables to prove the finiteness theorem, see Theorem 3.2
in [27]. To describe this result and for later use let us recall some notions from [27].
Let Cm denote the set of all unordered tuples Λ = (Λ1, . . . ,Λm), where Λi ∈ C for i =
1, . . . ,m. For M > 0, the symbol CMm denotes the set of all unordered tuples (Λ1, . . . ,ΛM),
where Λi ∈ Cm, for i = 1, . . . ,M.
We fix k > 2 and n ≥ 2, and say that a tuple Λ ∈ Cn−1 is admissible iff λi = Λi + 1 ∈ Mk
for i = 1, . . . , n− 1. In other words, Λ is admissible iff Λi + 1 belongs to items, appropriate
for a given k, in the table of the Morales-Ramis Theorem 2.1, for i = 1, . . . , n − 1. We
denote the set of all admissible tuples by An,k. If the potential V is integrable, then for
each [d] ∈ D⋆(V), the tuple Λ(d) is admissible. The set of all admissible elements An,k is
countable but infinite.
If the set of proper Darboux points of a potential V is non-empty, and N = cardD⋆(V),
then the N-tuples
L(V) := (Λ(d) | [d] ∈ D⋆(V) ) ∈ CNn−1, (2.15)
is called the spectrum of V. LetANn,k be the subset of C
N
n−1 consisting of N-tuples (Λ1, . . . ,ΛN),
such that Λi is admissible, i.e., Λi ∈ An,k, for i = 1, . . . ,N. We say that the spectrum L(V)
of a potential V is admissible iff L(V) ∈ ANn,k. The Morales-Ramis Theorem 2.1 says that
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if potential V is integrable, then its spectrum L(V) is admissible. However, the problem
is that the set of admissible spectra ANn,k is infinite. We showed that from Theorem 2.3 it
follows that, in fact, if V is integrable, then its spectrum L(V) belongs to a certain finite
subset INn,k ofA
N
n,k. We call this set distinguished one, and its elements distinguished spectra.
In [27] we have proved the following result.
Theorem 2.4. Let potential V satisfies assumptions of Theorem 2.3. If V is integrable, then there
exists a finite subset INn,k ⊂ A
N
n,k, where N = cardD
⋆(V), such that L(V) ∈ INn,k.
Informally speaking, for fixed k and n, we restrict the infinite number of possibilities in
each line of the Morales-Ramis table to a finite set of choices.
3 Non-generic potentials with n degrees of freedom
If potential V is not generic, then either it possesses an improper Darboux point, or at least
one of its proper Darboux points is not a simple point of D(V). In both cases the Darboux
points can be isolated, or they can lie in non-zero dimensional algebraic subsets in CPn−1.
A description of nongeneric potentials is simple for n = 2. For more than two degrees of
freedom, even for k = 3, the problem of classification of nongeneric potentials is very hard
and we do not have a general solution of this problem.
3.1 Non-square free potentials
In [16] it was shown that for n = 2 a homogeneous potential V is not generic if and only
if it is not square-free. For n > 2 the situation is more complicated, but the implication in
one direction is simple. We have the following.
Lemma 3.1. If a homogeneous potential V is not square-free, i.e., V = V20V1, where V0 is a non-
constant homogeneous polynomial, then V is not generic.
Proof. We show that V has improper Darboux points. In fact, we have
V ′(q) = V0(q)
[
2V ′0(q)V1(q) +V0(q)V
′
1(q)
]
.
All points [d] ∈ CPn−1 such that V0(d) = 0 are improper Darboux points of V. The set of
these points is not empty as degV0 > 0.
We underline that the above lemma gives only sufficient conditions for the nongener-
icity of a potential. There are examples of potentials without any proper Darboux points
(thus ‘very’ nongeneric ones) which are square-free. The simplest one is following
V = q1q2(q2 − iq3). (3.1)
It has only three improper Darboux points, namely: [0 : 0 : 1], [1 : 0 : 0] and [0 : i : 1].
We show that under mild assumptions non-square free potentials are not integrable.
Theorem 3.1. Let us consider a homogeneous potential of the form V = V20V1, degV = k > 2,
where V0 is a non-constant polynomial. If there exists d ∈ Cn such that
V0(d) = 0, V1(d) 6= 0, and
n
∑
i=1
(
∂V0
∂qi
(d)
)2
6= 0, (3.2)
then V is not integrable with rational first integrals.
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Proof. Hamilton’s equations for potential V have the form
q˙ = p, p˙ = −V0(q)
[
2V ′0(q)V1(q) +V0(q)V
′
1(q)
]
. (3.3)
Each d ∈ Cn from the following set
S(V0) := {d ∈ C
n | V0(d) = 0 } \ {0}, (3.4)
gives a point [d] ∈ CPn−1 which is an improper Darboux point of V. By Theorem 2.2, if
V is integrable, then for each d ∈ S(V0) matrix V ′′(d) is nilpotent. We show that under
assumptions of our theorem it is impossible.
In fact, for d ∈ S(V0) we have
V ′′(d) = 2V1(d)V
′
0(d)V
′
0(d)
T, (3.5)
where we understand
V ′(q) =
[
∂V
∂q1
(q), . . . ,
∂V
∂qn
(q)
]T
.
Let d satisfies assumptions (3.2). Then V ′′(d) 6= 0n. We show that V ′′(d) is semi-simple
and has a non-zero eigenvalue. Let
a = V ′0(d), and A = aa
T.
As, by assumptions, a 6= 0, and a is not isotropic, there exist bi ∈ C
n satisfying
aTbi = 0, for 1 ≤ i ≤ n− 1,
and such that b1, . . . , bn−1, a are C-linearly independent. We have
Abi = aa
Tbi = 0, for i = 1, . . . , n− 1, (3.6)
and
Aa = aaTa = (aTa)a, (3.7)
so, bi are eigenvectors of A with zero eigenvalue, and a is an eigenvector of A with eigen-
value aTa 6= 0, as we claimed.
Remark 3.1 The existence of d satisfying (3.2), implies, among other things, that V0 ∤ V1.
In applications it is important to have a version of Theorem 3.1 for cases with prescribed
form of factor V0 of the potential. Below we consider two such cases.
Lemma 3.2. Let us consider a homogeneous potential of the form V = V20V1, degV = k > 2,
where
V0 =
n
∑
i=1
αiqi. (3.8)
If
n
∑
i=1
α2i 6= 0, (3.9)
and V0 ∤ V1, then V is not integrable with rational first integrals.
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Proof. Thanks to assumption (3.9), we can change coordinates in such a way that V0 = qn.
So, we consider potential
V = q2nV1, (3.10)
where V1 is a homogeneous polynomial not divisible by qn.
For the considered potential, set S(V0) defined by (3.4) consists of all non-zero vectors
d, such that dn = 0. We show that exists d ∈ S(V0) such that V1(d) 6= 0.
We can write V1 in the following form
V1 =
m
∑
s=0
Wsq
s
n, m ≥ 0,
where Ws are homogeneous polynomials in q˜ = (q1, . . . , qn−1). By assumption V1 is not
divisible by qn, so W0 6= 0.
Assume that for each d ∈ S(V0) we have V1(d) = 0. This implies that for each non-zero
q˜ ∈ Cn−1, W0(q˜) = 0, and so W0 = 0. This contradiction shows that we have d ∈ S(V0)
such that V1(d) 6= 0. Now, the statement of our lemma follows from Theorem 3.1.
Lemma 3.3. Let us consider a homogeneous potential of the form V = V20V1, degV = k > 2,
where
V0 =
n
∑
i+j=2
αijqiqj =
1
2
qTAq. (3.11)
If A is semi-simple, has two non-zero different eigenvalues, and V0 ∤ V1, then V is not integrable
with rational first integrals.
Proof. Thanks to assumptions concerning matrix A we can choose coordinates in such a
way that
V0 =
n
∑
i=1
ρiq
2
i , (3.12)
where ρ1, . . . , ρn are eigenvalues of A. We show, by a contradiction, that for an arbitrary
d ∈ S(V0) we have
∑
i=1
(
∂V
∂qi
(d)
)2
6= 0. (3.13)
In fact, if there exists d ∈ S(V0) such that
∑
i=1
(
∂V
∂qi
(d)
)2
= 0,
then its coordinates satisfy
ρ1d
2
1 + · · ·+ ρnd
2
n = 0,
ρ21d
2
1 + · · ·+ ρ
2
nd
2
n = 0.
Because d 6= 0, this implies that
ρiρj(ρi − ρj) = 0, for 1 ≤ i, j ≤ n.
But it is impossible because we assumed that there exist two non-zero and different eigen-
values of A. A contradiction proves our claim.
As V0 ∤ V1, there exists d ∈ S(V0), such that V1(d) 6= 0. Now, the statement of our
lemma follows from Theorem 3.1.
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3.2 Presence of an improper Darboux point
Let us assume that potential V possesses an improper Darboux point [d], i.e., V ′(d) = 0.
From the Euler identity it follows that d is an eigenvector of the Hessian matrix with the
corresponding eigenvalue equal to zero. The existence of an improper Darboux point gives
a restriction on the form of the potential. At first we describe these restrictions in the most
general settings. We perform our considerations separately for non-isotropic and isotropic
Darboux points. If d is non-isotropic, then using a complex rotation we can locate it in
(0, . . . , 0, 1).
Lemma 3.4. Let V be an homogeneous polynomial potential of degree k > 2, and [d] = [0 : · · · : 1]
its improper non-isotropic Darboux point. Then V has the following form
V =
k−2
∑
i=0
Vk−iq
i
n, (3.14)
where Vs denotes a homogeneous polynomial of degree s in variables q˜ := (q1, . . . , qn−1).
Proof. Let us write the potential V in the form
V =
k
∑
i=0
Vk−iq
i
n. (3.15)
Then
V ′(q) =
(
k−1
∑
i=0
V ′k−i(q˜)q
i
n,
k
∑
i=1
iVk−i(q˜)q
i−1
n
)
,
and thus
V ′(d) =
(
V ′1(0), kV0(0)
)
= (0, 0).
This implies that V0 = 0 (because V0 is a constant polynomial), and V1 = 0 (because V1 is a
linear form).
Notice that if we write
V2(q˜) =
1
2
q˜TSq˜, (3.16)
then
V ′′(d) =
[
S 0
0T 0
]
. (3.17)
If d is an isotropic Darboux point, then using a complex rotation we can locate it in
(0, . . . , 0, i, 1).
Lemma 3.5. Let V be an homogeneous polynomial potential of degree k > 2. If [d] is its improper
isotropic Darboux point with d = (0, . . . , 0, i, 1), then V has the following form
V =
k−2
∑
j=0
Wk−j(qn − iqn−1)
j, (3.18)
where Ws denotes a homogeneous polynomial of degree s in variables q˜ := (q1, . . . , qn−2, zn−1),
where zn−1 := qn + iqn−1.
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Proof. We introduce new variables q = Bz, putting
zj = qj, for 1 ≤ j ≤ n− 2; and zn−1 = qn + iqn−1, zn = qn − iqn−1.
Let W(z) := V(Bz), and c := B−1d = [0, . . . , 0, 2]. As W ′(z) = BTV ′(Bz), we have
W ′(c) = BTV ′(Bc) = BTV ′(d) = 0.
Thus, proceeding as in the proof of the previous lemma, we easily show that V has the
prescribed form.
A further simplification of the form of V with an improper Darboux point can be done.
Namely, using a complex rotation which fixes the Darboux point we can transform the
quadratic form V2 in Lemma 3.4 as well as the form W2 in Lemma 3.5, into the normal
form. We can do even better. By Theorem 2.2, if V is integrable, then the Hessian matrix
V ′′(d) is nilpotent. Thus, in fact, the normal forms of V2 and W2 do not depend on free
parameters. Let us underline that even if all eigenvalues of V ′′(d) vanish, the fact that it is
a symmetric matrix does not imply that V ′′(d) vanishes. However, in this particular case if
it vanishes we have the following.
Lemma 3.6. Let V be an integrable homogeneous polynomial potential of degree k = 3. Then it
has an improper Darboux point [d] such that V ′′(d) vanishes if and only if it admits a linear first
integral I = dTp.
Proof. We denote
∂V
∂qi
=:
1
2
qTF iq, F i
T
= F i, (3.19)
for i = 1, . . . , n. Just comparing the mixed derivative of V we easily find that the following
identities hold
Fijl = F
j
il for 1 ≤ i, j, l ≤ n. (3.20)
The Hessian matrix V ′′(q) can be written in the form
V ′′(q) =
q
TF1
...
qTFn
 . (3.21)
Assume that I = dTp with d 6= 0 is a first integral. Then
n
∑
i=1
di
∂V
∂qi
=
1
2
qTBq = 0, (3.22)
where
B :=
n
∑
i=1
diF
i. (3.23)
Thus B = 0n. But, using (3.20), we obtain
0 =
n
∑
i=1
diF
i
rs =
n
∑
i=1
diF
r
is for 1 ≤ r, s ≤ n, (3.24)
that is
dTFr = 0, for 1 ≤ r ≤ n. (3.25)
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The above shows that V ′′(d) = 0n, see (3.21). Moreover, (3.25) implies that
dTFrd = 0 for 1 ≤ r ≤ n, (3.26)
and hence V ′(d) = 0, see (3.19), so [d] is an improper Darboux point of V.
Let us assume that [d] is an improper Darboux point of V, and V ′′(d) = 0n. Here 0n
denotes n-dimensional matrix with all entries equal to zero. We have to show that I = dTp
is a first integral. Notice that V ′′(d) = 0n is equivalent to (3.25). But (3.25) is equivalent,
by (3.24), to B = 0, see (3.23), and this implies that I is a first integral.
Notice that the above lemma shows that, in the prescribed situation, we can reduce the
problem by one degree of freedom. We remark that for k > 3 this lemma is not valid as
there are examples of potentials with an improper Darboux point for which V ′′(d) = 0n,
but V does not have a first integral linear in the momenta.
A very peculiar case appears if the consider potential does not have any proper Darboux
point. For such potentials the Morales-Ramis Theorem 2.1 is not applicable. The following
two examples show that such potentials exist.
Proposition 3.1. Potential
V = (q2 − iq1)
2l(q1q2q3)
l, where l ∈ N, (3.27)
does not possess any proper Darboux point.
An easy proof of this Proposition we left to the reader. Let us notice that one can prove,
using Theorem 3.1, that the above potential with l ∈ {1, 2} is not integrable.
The second example is more interesting as it shows that even in that very specific class
of potentials we can find integrable ones.
Proposition 3.2. Potentials
Vk,l := (q1 − iq2)
l(q2 ± iq3)
k−l, (3.28)
with k > 3, l 6∈ {1, k− 1, k/2} do not possess any proper Darboux point.
A simple proof we left to the reader.
Potential Vk,l given by (3.28) admits two additional first integrals
I1 = p1 − ip2 ± p3, (3.29)
and
I2 = (l + 1)ip
2
1(q2 ± iq3) + p
2
2[−(l + 1)q1 ± (k− l + 1)q3] + (k− l + 1)p
2
3(q1 − iq2)
+ p1p2[−(l + 1)iq1 + (l + 1)q2 ± (k+ 2)iq3] + p1p3[±(l + 1)q1 − (k− l + 1)q3]
− ip2p3[±(k+ 2)q1 ∓ i(k− l + 1)q2 − (k− l + 1)q3]
+ (k− 2l)(q1 − iq2)
l(q2 ± iq3)
k−l(q1 − iq2 ± q3)
(3.30)
However first integrals H, I1 and I2 do not commute
{I1, I2} =
1
2
(2l − k)(H − I21),
so we cannot say that potentials Vk,l are integrable. On the other hand, it is easy to check
that for l ∈ {1, k− 1, k, k/2} ∩N potential Vk,l is integrable of even super-integrable. More-
over, we found that for k = 7 and l = 2, Vk,l is integrable. Apart from first integrals I1 (3.29)
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and I2 (3.30), potential V7,2 admits one more first integral I3. Here we write the explicit
form of I3 for the potential (3.28) with the sign + in the second bracket:
I3 = i(8p
4
3(iq1 + q2) + 2p2(4p
3
3(4q1 − 3iq2 − q3) + 12ip1p
2
3(q2 + iq3)
+ 4p3(iq1 + q2)(q1 − q3)(q2 + iq3)
6 − p1(4q1 − 3iq2 − q3)(q2 + iq3)
7) + 8ip42(q1 − q3)
+ 8p1p3(q1 − iq2)(iq2 − q3)
7 − 8p1p
3
3(q2 + iq3)− 4p
2
3(q1 − iq2)
2(q2 + iq3)
6
+ (p21 − 2(iq1 + q2)
3(q2 + iq3)
4)(q2 + iq3)
8 + 8p32(p1(−iq2 + q3) + p3(−4q1 + iq2 + 3q3))
+ p22(−24ip
2
3(2q1 − iq2 − q3) + 24p1p3(q2 + iq3) + (q2 + iq3)
6(4q21 + 3q
2
2 − 8q1q3
+ 6iq2q3 + q
2
3))).
The integrability in the Liouville sense is guaranteed by I1 and I3 and we have one more
noncommuting first integral I2.
3.3 Potentials with infinitely many proper Darboux points
The non-square free potentials considered in Section 3.1 are examples of potentials pos-
sessing infinitely many improper Darboux points. The question is if there are potentials
with infinitely many proper Darboux points. The answer to this question is affirmative. In
[23] it was proved that for n = 2, the only potentials with this property are the radial ones.
For n > 2 the problem of distinguishing potentials with infinitely many proper Darboux
points seems to be very hard. Below we describe the difficulty of this problem in general
settings.
Let us assume that homogeneous potential V of degree k has infinitely many proper
Darboux points. Without loss of the generality we can assume that infinitely many of
them lie in the chart (U1, θ1). According to Lemma 2.1, on this chart Darboux points are
elements of the algebraic set A = V(g1, . . . , gn−1), where gi are polynomials in variables
x˜ = (x1, . . . , xn−1). In particular, the family of infinitely many proper Darboux points
is a component C of A of dimension greather than zero. Let I(C) = 〈 f1, . . . , fs〉, where
f1, . . . , fs ∈ C[x˜], be the ideal of C. As gi vanishes on common zeros of f1, . . . , fs, by
the Hilbert Nullstellensatz Theorem [6], there exist positive integers mi and polynomials
bij ∈ C[x˜] such that
gmii =
s
∑
j=1
bij f j, for i = 1, . . . , n− 1.
Unfortunately, the above considerations are difficult to apply in practice as we do not
know explicit forms of polynomials f1, . . . , fs, as well as numbers mi are unknown. More-
over, from the above equations we want to determine the potential, so we consider them as
non-linear partial differential equations for the potential, see definition of gi in Lemma 2.1.
Anyway one can find sufficient conditions for the existence of infinitely many proper Dar-
boux points.
Lemma 3.7. If a homogeneous potential V is such that polynomials g1, . . . , gn−1 have a non-
constant common factor f ∈ C[x˜], then V has infinitely many Darboux points.
For n = 3 we have the following stronger result.
Lemma 3.8. A homogeneous potential V ∈ Ck[q1, q2, q3] has infinitely many Darboux points if and
only if on one of the charts (Ui, θi), polynomials g1, g2 ∈ C[x1, x2] have a non-constant common
factor.
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This lemma is a direct consequence of the well known fact that for g1, g2 ∈ C[x1, x2]
the set V(g1, g2) is infinite if and only if g1 and g2 have a nonconstant common factor in
C[x1, x2], see e.g. exercise 2 on page 164 in [6], but for greather number of variables the
implication is only in one direction.
Thus, we do not known how to effectively characterise general potentials with infinitely
many proper Darboux points. Nevertheless it is worth to consider the following example.
Lemma 3.9. Assume that for a homogeneous potential V conditions g1 = · · · = gs ≡ 0, where
1 ≤ s ≤ n− 1, are satisfied. Then for k = 2l, V is given by
V =
l
∑
i=0
(q21 + · · ·+ q
2
s+1)
l−iV2i,
while for k = 2l + 1 it is
V =
l
∑
i=0
(q21 + · · ·+ q
2
s+1)
l−iV2i+1,
where Vj denotes a homogeneous polynomial of degree j in variables qs+2, . . . , qn.
Proof. We have to solve the following equations
(1+ x21)
∂v
∂xi
+ xi
n−1
∑
j=1
j 6=i
xj
∂v
∂xj
− kxiv = 0, i = 1, . . . , s. (3.31)
We make the following substitution
v = v1(R)v2(t2, . . . , tn−1),
where
R =
√
x21 + · · ·+ x
2
s + 1 and tj =
xj
R
for j = s+ 1, . . . , n− 1.
Since
∂v
∂xl
=
xl
R
dv1
dr
v2 −
xlv1
R2
n−1
∑
j=s+1
tj
∂v2
∂tj
, for l = 1, . . . , s,
∂v
∂xj
=
v1
R
∂v2
∂tj
, for j = s+ 1, . . . , n− 2,
each equation from the system (3.31) reduces to the ordinary differential equation on v1
dv1
v1(R)
=
k
R
dR,
with the solution v1 = αR
k. Thus the dehomogenisation of the potential takes the form
v = α(x21 + · · ·+ x
2
s + 1)
k/2v2
( xs+1
R
, . . . ,
xn−1
R
)
. (3.32)
Now we have to force that v is a homogeneous potential of degree k. As result we obtain
v = (x21 + · · ·+ x
2
s + 1)
k/2 ∑
is+1,...,in−1
vis+1,...,in−1
( xs+1
R
)is+1
· · ·
( xn−1
R
)in−1
, vi2 ,...,in−1 ∈ C,
where is+1, . . . , in−1 are such nonnegative integers that their sum is
is+1 + · · ·+ in−1 =
{
2i− 1 i = 1, . . . , [k/2] for odd k,
2i i = 0, . . . , k/2 for even k.
(3.33)
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Potentials from the above lemma possess s(s − 1)/2 first integrals which are compo-
nents of the angular momentum
Iij = qipj − qjpi, 1 ≤ i < j ≤ s+ 1.
Quantities Iij do not commute. However, Im = ∑j<m I
2
jm with m = 2, . . . , s + 1 form an
involutive set of s first integrals.
From the proof of Lemma 3.9 it follows that the potentials given by this lemma have
infinitely many proper Darboux points. Moreover those potentials have some peculiar
properties. A general discussion of this type of potentials and their integrability properties
will be published separately [17]. Here we consider, as example, the simplest case s = 1
and n = 3. In this case potential has the form
V =
[ k2 ]
∑
i=0
v2i(q
2
1 + q
2
2)
iqk−2i3 , v2i ∈ C, (3.34)
and it admits first integral
I1 = q1p2 − q2p1,
but it is not necessarily integrable. With (3.34) we associate a two dimensional homoge-
neous potential V˜ ∈ C[y1, y2] of degree k given by
V˜ =
[k/2]
∑
i=0
v2iy
2i
1 y
k−2i
2 , v2i ∈ C. (3.35)
Lemma 3.10. Point [s] ∈ CP1, with s = (s1, s2), s1 6= 0 is a proper Darboux point of poten-
tial (3.35) iff and only if each point of the curve
Σ(s) :=
{
[d1 : d2 : d3] ∈ CP
2 | d21 + d
2
2 = s
2
1 and d3 = s2
}
⊂ CP2, (3.36)
is a Darboux points of potential (3.34). Moreover, if matrix V˜ ′′(s) has eigenvalues λ1 = λ1(s) and
λ2 = k− 1, then for an arbitrary [d] ∈ Σ(s), matrix V ′′(d) has eigenvalues (0,λ1(s), k− 1).
Lemma 3.11. Point [s] ∈ CP1, with s = (0, s), s 6= 0 is a proper Darboux point of potential (3.35)
if and only if point
[d(s)] := [0 : 0 : s] ∈ CP2, (3.37)
is a Darboux points of potential (3.34). Moreover, if matrix V˜ ′′(s) has eigenvalues λ1 = λ1(s) and
λ2 = k− 1, then matrix V ′′(d(s)) has eigenvalues (λ1(s),λ1(s), k− 1).
A direct proof of the above two lemmas we left to the reader.
Let us remark that Lemma 3.10 and Lemma 3.11 show that the Morales-Ramis Theo-
rem 2.1 gives the same necessary conditions for integrability of potential (3.35) and po-
tential (3.34). Moreover, although potential (3.34) has non-isolated Darboux points, there
exists universal relation between eigenvalues of V ′′(d) taken over of all Darboux points. In
fact, assume that potential (3.35) has k proper Darboux points [si] ∈ CP
1. Then, then by
Theorem 1.2 from [16], we have the following relation
k
∑
i=1
1
Λi
= −1, (3.38)
where Λi = λ1(si)− 1 for i = 1, . . . , k.
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One can suspect that if potential (3.35) is integrable, then potential (3.34) is also inte-
grable. Let us consider several examples.
For k = 3 and n = 2 there are exactly three potentials V˜1, V˜2 and V˜3 of the form (3.35)
which are integrable and have k = 3 proper Darboux points. Below we list them with the
respective first integrals
V˜1 = y
2
1y2 +
1
3
y32, I˜2 = 3z1z2 + y
3
1 + 3y1y
2
2, (3.39)
V˜2 = y
2
1y2 + 2y
3
2, I˜2 = 4z1(z2y1 − z1y2) + y
4
1 + 4y
2
1y
2
2, (3.40)
V˜3 = y
2
1y2 +
16
3
y32, I˜2 = 9(4z
4
1 + 2z
2
1z
2
2 + z
4
2 − 4z1z2y
3
1) + 36(4z
2
1 + z
2
2)y
2
1y2
+ 192(z21 + z
2
2)y
3
2 − 6y
6
1 + 384y
2
1y
4
2 + 1024y
6
2, (3.41)
where z1 and z2 are the canonical momenta conjugated to y1 and y2. It appears that po-
tentials Vi corresponding to V˜i by (3.34) are also integrable with polynomial first integrals.
These potentials and the missing first integrals have the form
V1 = (q
2
1 + q
2
2)q3 +
1
3
q33, (3.42)
I2 = 9(p
4
1 + p
4
2 + p
4
3)− 6(q
2
1 + q
2
2)
3 − 30(q21 + q
2
2)q
4
3 + 4q
6
3 + 12p
2
3q3(3(q
2
1 + q
2
2) + q
2
3),
V2 = q3(q
2
1 + q
2
2 + 2q
2
3), (3.43)
I2 = 4p1(p3q1 − p1q3) + 4p2(p3q2 − p2q3) + (q
2
1 + q
2
2)(q
2
1 + q
2
2 + 4q
2
3),
V3 = (q
2
1 + q
2
2)q3 +
16
3
q33, (3.44)
I2 = 36(p
4
1 + p
4
2)− 36p2p3q2(q
2
1 + q
2
2)− 6(q
2
1 + q
2
2)
3 − 36p1q1(p3(q
2
1 + q
2
2)− 4p2q2q3)
+ (3p23 + 32q
3
3)(3p
2
3 + 12(q
2
1 + q
2
2)q3 + 32q
3
3) + 6p
2
1(12p
2
2 + 3p
2
3 + 4q3(6q
2
1 + 3q
2
2 + 8q
2
3))
+ 6p22(3p
2
3 + 4q3(3q
2
1 + 6q
2
2 + 8q
2
3)).
We note that there is not a direct relation between first integrals I˜2 and the corresponding
ones I2 as they can have different degrees with respect to the momenta. We observed also
this phenomenon for k higher than three. It justifies the following conjecture.
Conjecture 3.1 A three dimensional potential (3.34) is integrable if and only if the corresponding
two dimensional potential (3.35) is integrable
We mention that potentials (3.43) and (3.44) appeared in paper [10].
4 Integrability of nongeneric three dimensional homogeneous po-
tentials of degree three
The general form of a three dimensional homogeneous potential of degree three is follow-
ing
V = a1q
3
1 + a2q
2
1q2 + a3q
2
1q3 + a4q1q
2
2 + a5q
3
2 + a6q
2
2q3 + a7q
3
3 + a8q1q
2
3 + a9q2q
2
3 + a10q1q2q3.
(4.1)
In a generic case the above potential admits seven proper Darboux points and a complete
integrability analysis of such potentials in this generic case was performed in [27]. In this
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section we investigate the integrability of nongeneric cases of potential (4.1). This analysis
is much more complicated and difficult than that for the generic situation.
A classification of nongeneric potentials can be done in several ways. However for
us the classification itself is not so important – our aim is to distinguish all integrable
potentials. Nevertheless, in order to perform our futher considerations in more or less
systematic way we need a certain rough classification.
Potential (4.1) is not generic if and only if the number of its isolated proper Darboux
points is smaller than seven. It occurs in two exclusive cases: either all proper Darboux
points of the potential are simple and then it necessarily possesses an improper Darboux
point, or the potential admits a non-simple proper Darboux point. In our considerations
we always distinguish one Darboux point. If all proper Darboux points are simple, then we
distinguish an improper Darboux point. If there is no any improper Darboux point, then
we distinguish a non-simple Darboux point. If there is a choice, then the distinguished
point is chosen to be non-isotropic one.
Applying the above rules we consider separately the following cases:
Case A. All proper Darboux points of potential V given by (4.1) are simple and V has an
improper Darboux point which is not isotropic.
Case B. All proper Darboux points of potential V given by (4.1) are simple; V has an
improper Darboux point which is isotropic and it does not have any non-isotropic
improper Darboux point.
Case C. Potential V given by (4.1) admits an isolated multiple proper non-isotropic Dar-
boux point.
Case D. Potential V given by (4.1) admits an isolated multiple proper isotropic Darboux
point.
Case E. Potential V given by (4.1) admits non-isolated proper Darboux point.
Results of our analysis of Case A can be formulated in the following theorem.
Theorem 4.1. Assume that potential V given by (4.1) satisfies conditions of Case A and is inte-
grable. Then V admits a first integral which is a linear form in C[p].
In other words, the above theorem says that in Case A the integrability of the potential
always reduces to investigation of a two dimensional situation.
More complicated is Case B in which the integrability properties depend on the rank
of the Hessian matrix V ′′(d0) where [d0] is the improper isotropic Darboux point of V. We
summarise results in the following theorem and two conjectures.
Theorem 4.2. Assume that potential V given by (4.1) satisfies conditions of Case B and [d0] is its
improper isotropic Darboux point d0, and rankV
′′(d0) = 0. Then V admits a first integral which
is a linear form in C[p].
We have more interesting situation if rankV ′′(d0) = 1. In this case we show that the
necessary integrability conditions give the following form of the potential
Vλ :=
1
4
(q2 − iq3)[λq
2
1 + 2(q2 − iq3)(2a4q1 + 2a5(q2 − iq3) + iq3)].
This potential admits the first integral
I0 = 3(p2 − ip3)
2 + (q2 − iq3)
3.
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Parameter λ is an eigenvalue of V ′′λ (d), where [d] is the only proper Darboux point of this
potential. So, the necessary condition for the integrability of this potential is λ ∈ M3. It
seems that this condition is also sufficient. More precisely, many tests support the following
conjecture.
Conjecture 4.1 Potential (4.19) is integrable if and only if λ ∈ M3 \ {1}. Moreover,
1. if Vλ is integrable, then it is integrable with polynomial additional first integrals I0 and I2.
2. for an arbitrary N ∈ N we find λ ∈ M3 \ {1} such that Vλ is integrable with polynomial
commuting first integrals F1, F2 and F3, and for an arbitrary choice of these integrals we have
maxi deg Fi > N;
3. for
λ ∈M3 \
{
p+
3
2
p(p− 1) | p ∈ Z
}
, λ 6= 1,
potential Vλ admits four functionally independent polynomial first integrals such that three
of them pairwise commute.
If rankV ′′(d0) = 2, then our investigations strongly support the following conjecture.
Conjecture 4.2 If V satisfies assumptions of Theorem 4.2 and rankV ′′(d0) = 2, then V is not
integrable.
For Case C we can formulate only the following conjecture supported by many tests
performed with the help of higher order variational equations along a particular solution
corresponding to the multiple Darboux point.
Conjecture 4.3 If potential V admits an isolated multiple proper non-isotropic Darboux point,
then it is non-integrable.
For Case D the integrability analysis is complete.
Theorem 4.3. If potential V admits an isolated multiple proper isotropic Darboux point, then it is
non-integrable except for one one-parameter family of integrable potentials
V =
1
4
(q21 + q
2
2 + q
2
3)[4a8q1 − i(1+ 4a
2
8)q2 + (1− 4a
2
8)q3].
For Case E our analysis is complete and is summarised in the following theorem.
Theorem 4.4. In class of potentials admitting a non-isolated proper Darboux point those inte-
grable are equivalent to four potentials: three axially-symmetric potentials (3.42) – (3.44), and
one-parameter family
V =
1
4
(q2 − iq3)[q
2
1 + 2(q2 − iq3)(2a5(q2 − iq3) + iq3)].
In our analysis we exclude from further investigations potentials which admit a first
integral which is a linear form in C[p].
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4.1 Case A
In this section we prove Theorem 4.1. For the convenience of the reader an outline of our
proof is presented below.
At first we make a kind of normalisation of the potential. We underline here that
normalisation concerns only potentials which satisfy applicable necessary conditions for
the integrability.
Lemma 4.1. Assume that potential (4.1) admits an improper non-isotropic Darboux point and it is
integrable. Then either it is equivalent to the following potential
V = a1q
3
1 + a2q
2
1q2 + a4q1q
2
2 + a5q
3
2 + (q1 + iq2)
2q3, (4.2)
or it possesses a first integral which is a linear form in C[p].
Thus, in the remaining part of the proof we analyse potential (4.2). It has an improper
Darboux point [d0] with d0 = (0, 0, 1), and, moreover, matrix V ′′(d0) is nilpotent. We show
this in the proof of Lemma 4.1. Hence, [d0] is not a simple point of D(V). As the number
of isolated Darboux points of V is not greater than seven, the number of proper Darboux
points of (4.2) is not greater than five. The most degenerated cases are excluded by the
following lemma.
Lemma 4.2. If potential (4.2) has less than four proper Darboux points and is integrable, then it
admits a first integral which is a linear form in C[p].
The most difficult part of our considerations concerns cases when V has five or four
proper Darboux points. The crucial step is to show that among the spectra (Λ
(i)
1 ,Λ
(i)
2 ) of
all proper Darboux points [d(i)] of V there exist certain relations.
Lemma 4.3. If potential (4.2) has five simple proper Darboux points [di] ∈ CP
2, then
5
∑
i=1
1
Λ
(i)
1 Λ
(i)
2
= 1,
5
∑
i=1
Λ
(i)
1 + Λ
(i)
2
Λ
(i)
1 Λ
(i)
2
= −4,
5
∑
i=1
(Λ
(i)
1 + Λ
(i)
2 )
2
Λ
(i)
1 Λ
(i)
2
= 16.

(4.3)
Lemma 4.4. If potential (4.2) has four proper Darboux points [di] ∈ CP
2, then
4
∑
i=1
1
Λ
(i)
1 Λ
(i)
2
= 1,
4
∑
i=1
Λ
(i)
1 + Λ
(i)
2
Λ
(i)
1 Λ
(i)
2
= −4,
4
∑
i=1
(Λ
(i)
1 + Λ
(i)
2 )
2
Λ
(i)
1 Λ
(i)
2
= 8.

(4.4)
To finish the proof we need the following proposition.
Lemma 4.5. Assume that potential (4.2) has five or four simple proper Darboux points. Then it is
not integrable.
The proofs of Lemma 4.3 and 4.4 are given in the end of Section 4.6, and the rest of this
section contains proofs of the remaining ones.
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4.1.1 Normalisation
Let us assume that potential (4.1) has an improper Darboux point [d0] ∈ CP2 which is not
isotropic. If additionally V is integrable, then by Theorem 2.2, matrix V ′′(d0) is nilpotent,
so rankV ′′(d0) ≤ 2. As d0 is not isotropic, we can assume that d0 = (0, 0, 1), and this
implies that a7 = a8 = a9 = 0. We have
V ′′(d0) =
2a3 a10 0a10 2a6 0
0 0 0
 . (4.5)
Thus, if rankV ′′(d0) = 0, then a3 = a6 = a10 = 0, and in this case potential (4.1) does not
depend on q3, so it admits a first integral I = p3.
If rankV ′′(d0) = 1, then we can assume that V ′′(d0) = H1, see Appendix A. Thus, we
have a10 = 1 and a6 = −a3 = i/2. Hence, up to a simple rescaling V has the form (4.2).
In this way we proved Lemma 4.1.
4.1.2 Potentials with first integrals linear in momenta
Let us assume that potential (4.2) admits a first integral of the form
I = b1p1 + b2p2 + b3p3, where b = [b1, b2, b3]
T ∈ C3 \ {0}.
Condition
d
dt
I = b1
∂V
∂q1
+ b2
∂V
∂q2
+ b3
∂V
∂q3
= 0,
gives the following system of linear homogeneous equations
Lb = 0,
where
L =

2i −2 0
2 2i 0
a4 3a5 −1
2a2 2a4 2i
3a1 a2 1
 .
It has a non-zero solution b iff all third order minors of L vanish. This leads to the following
equations
a2 + 2ia4 − 3a5 = 0, 3a1 + 2ia2 − a4 = 0, 3a1 + ia2 + a4 + 3ia5 = 0,
a22 − 3a1a4 + ia2a4 − a
2
4 − 9ia1a5 + 3a2a5 = 0,
(4.6)
which have a unique solution of the form
a1 =
1
3
(a4 − 2ia2), a5 =
1
3
(a2 + 2ia4).
Thus we showed the following.
Proposition 4.1. Potential (4.2) has a first integral which is a linear form in C[p] iff it is of the
form
V =
1
3
(q1 + iq2)
2[(a4 − 2ia2)q1 − (a2 + 2ia4)q2 + 3q3]. (4.7)
In fact it is easy to show that potential (4.7) is super-integrable.
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4.1.3 Number of Darboux points
For a potential V of degree 3 the proper Darboux points of V are in one-to-one correspon-
dence with non-zero solutions of V ′(q) − q = 0. For potential (4.2) these equations have
the form
3a1q
2
1 + 2a2q1q2 + a4q
2
2 + 2q1q3 + 2iq2q3 − q1 = 0,
a2q
2
1 + 2a4q1q2 + 3a5q
2
2 + 2iq1q3 − 2q2q3 − q2 = 0, (q1 + iq2)
2 − q3 = 0.
(4.8)
The last equation q3 = (q1 + iq2)
2, allows to eliminate q3 from the first two, which can be
written in the following form
P1 := 2q
3
1 + 3q
2
1(a1 + 2iq2) + (a4 − 2iq2)q
2
2 + q1(−1+ 2(a2 − 3q2)q2),
P2 := a2q
2
1 + 2iq
3
1 − 6q
2
1q2 + 2q1(a4 − 3iq2)q2 + q2(−1+ 3a5q2 + 2q
2
2).
(4.9)
Each non-zero solution of the above equations gives one proper Darboux point of V. We
write
Pi =
3
∑
j=0
pi,jq
j
2, where pi,j ∈ C[q1], (4.10)
and calculate the resultant of polynomials P1 and P2 with respect to variable q2. It is given
by
R := Res(P1, P2, q2) = q1
5
∑
i=0
αiq
i
1, (4.11)
where αi depend polynomially on coefficients aj of potential (4.2), and
α0 = 2(2+ a
2
4 + 3ia4a5), α5 = −216(a1 + i(a2 + ia4 − a5))
3. (4.12)
As in expansion (4.10) we have pi,3 ∈ C
⋆ for i = 1, 2, each root of R gives a solution of
P1 = P2 = 0. Note that degR = 6 provided that α5 6= 0. Hence we have at least six
solutions of P1 = P2 = 0. However, if q1 = 0, then P1 = P2 = 0 implies that q2 = 0 provided
that α0 6= 0. Hence, generically root q1 = 0 does not give rise a Darboux point of V.
If potential (4.2) has five proper Darboux points, then α5 6= 0. In fact, if α5 = 0, then
one can check with a help of computer algebra system that P1 = P2 = 0 has at most four
non-zero solutions.
In the case α5 = 0 we can express parameter a5 in terms of remaining coefficients of the
potential. In this situation, if V has four proper Darboux points, then
β4 := 3a1 + 2ia2 − a4 6= 0. (4.13)
Again, this fact can be checked with a help of a computer algebra system.
If β4 = 0, then it is easy to check that the potential possesses at most one proper
Darboux point and it has a first integral which is a linear form in C[p]. This last statement
proves Lemma 4.2
4.1.4 Proof of Lemma 4.5
We consider second relations in (4.3) and (4.4). A direct application of Lemma 3.4 from [27]
shows that these relations have at most finite number of admissible solutions. Next we can
apply algorithm described in Section 4.1 of [27] in order to find all these solutions. It
appears however that relations (4.3) and (4.4) do not have any admissible solution.
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4.2 Case B
At first we need to perform a normalisation of the potential. This is done in the following
lemma.
Lemma 4.6. Assume that potential (4.1) has an improper isotropic Darboux point and is integrable.
Then it is equivalent to one of the listed below
V = a1q
3
1 + (q2 − iq3)[a2q
2
1 + (a4q1 + a5(q2 − iq3))(q2 − iq3)], (4.14)
V = a1q
3
1 +
1
2
(q2 − iq3)[2a2q
2
1 + (q2 − iq3)(2a4q1 + 2a5(q2 − iq3) + iq3)], (4.15)
V = a1q
3
1 + (q2 − iq3)[a2q
2
1 + a4q1(q2 − iq3) + a5(q2 − iq3)
2 + (1+ i)q1q3]. (4.16)
Proof. Without loss of the generality we can assume that the improper isotropic Darboux
point [d0] ∈ CP2 is [d0] = [0 : i : 1]. This implies that
a10 = −i(a4 − a8), a9 = 3a5 − 2ia6, a7 = −2ia5 − a6.
Moreover, matrix V ′′(d0) has to be nilpotent because by assumption the potential is inte-
grable. This gives that a2 = ia3. Now matrix V ′′(d0) has the following form
V ′′(d0) =
 0 i(a4 + a8) a4 + a8i(a4 + a8) 2(3ia5 + a6) 6a5 − 2ia6
a4 + a8 6a5 − 2ia6 −2(3ia5 + a6)
 . (4.17)
If rankV ′′(d0) = 0, then V ′′(d0) = 03 and V has the form (4.14). Similarly, if rankV ′′(d0) =
i, then we can assume that V ′′(d0) = H i with i = 1, 2, see Appendix A, and this gives us
potentials (4.15) and (4.16), respectively.
We can exclude potential (4.14) from our further discussion as it has first integral
I = p2 − ip3. Nevertheless, one can show that this potential has the following interest-
ing property.
Proposition 4.2. If a1 6= 0, then potential (4.14) is not integrable except the case when a4 =
a22/(3a1) and then it is super-integrable. If a1 = 0, then potential (4.14) admits two first integrals
which commute provided a2 = 0.
4.2.1 Potential (4.15)
Lemma 4.7. Assume that a1 6= 0. Then potential (4.15) is integrable if and only if a2 − 2a
2
2 +
6a1a4 = 0.
Proof. If a1 6= 0, then potential (4.15) has three proper Darboux points. Among them there
is the following one
[d] :=
[
1
3a1
:
a2
9a21
: −
ia2
9a21
]
.
The Hessian matrix V ′′(d) has eigenvalues (0, 0, 2), and is not diagonalisable except the
case a2 − 2a22 + 6a1a4 = 0. Hence, by Remark 2.3, if a2 − 2a
2
2 + 6a1a4 6= 0, then the potential
is not integrable. If a2 − 2a22 + 6a1a4 = 0, then we can eliminate a4, and the potential reads
V = a1q
3
1 +
1
2
(q2 − iq3)
[
2a2q
2
1 + (q2 − iq3)
(
a2(2a2 − 1)
3a1
q1 + 2a5(q2 − iq3) + iq3
)]
, (4.18)
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and it is integrable with the following two commuting first integrals
I1 = (1− 2a2)
2a22(p2 − ip3)
2 − 6a1a2(−1+ 2a2)p1(p2 − ip3) + 18a
3
1q
3
1 + 9a
2
1(p
2
1
+ 2a2((1− 6a5)p
2
2 + 12ia5p2p3 + (1+ 6a5)p
2
3 + (q2 − iq3)(q
2
1 + q3(iq2 + q3)))),
I2 = 3(p2 − ip3)
2 + (q2 − iq3)
3.
In the case a1 = 0 we denote a2 = λ/4, and then potential (4.15) can be rewritten in the
following form
Vλ :=
1
4
(q2 − iq3)[λq
2
1 + 2(q2 − iq3)(2a4q1 + 2a5(q2 − iq3) + iq3)]. (4.19)
If λ 6= 1, then this potential has exactly one proper Darboux point
[d1] =
[
−
4a4
λ− 1
:
4((1− 3a5)(λ− 1)2 + a24(3λ− 4))
(λ− 1)2
: −
2i((1− 6a5)(λ− 1)2 + a24(6λ− 8))
(λ− 1)2
]
.
At this point matrix V ′′λ (d1) is semi-simple and has eigenvalues (λ, 2, 2). For all values of
the parameter potential (4.19) has first integral
I0 = 3(p2 − ip3)
2 + (q2 − iq3)
3. (4.20)
The necessary conditions of the Morales-Ramis Theorem 2.1 for the integrability of this
potential have the form
λ ∈ M3 :=
{
p+
3
2
p(p− 1) | p ∈ Z
}
∪
{
1
2
[
2
3
+ 3p(p+ 1)
]
| p ∈ Z
}
∪
{
−
1
24
+
1
6
(1+ 3p)2 | p ∈ Z
}
∪
{
−
1
24
+
3
32
(1+ 4p)2 | p ∈ Z
}
∪
{
−
1
24
+
3
50
(1+ 5p)2 | p ∈ Z
}
∪
{
−
1
24
+
3
50
(2+ 5p)2 | p ∈ Z
}
.
(4.21)
We notice the following amazing fact. In all cases which we were able to check, if the
above necessary condition is satisfied, then in fact the potential is integrable or even super-
integrable with polynomial first integrals. Several examples from our experiments are
given in Appendix B. Results of these experiments we collected in the Conjecture 4.1
formulated at the beginning of this section.
If λ = 1, then potential (4.19) does not have any proper Darboux point provided a4 6= 0.
For λ = 1 and a4 = 0 potential takes the form (4.46) and it has infinitely many proper
Darboux points and is integrable, see Section 4.5.
4.2.2 Potential (4.16)
Three proper Darboux points. Potential (4.16) has at most three proper Darboux points
which lie in the affine part of CP2. This fact can be checked either directly as one can
solve explicitly the equations defining proper Darboux points, or one can show that the
multiplicity of the improper Darboux point is at least four. If it has three proper Darboux
points, then
a1(3a1 − 1+ i) 6= 0, (4.22)
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and among them there is point [d] ∈ CP2 with
[d] =
[
1
3a1
:
a2
3a1(3a1 − 1+ i)
:
a2
3a1(3ia1 − 1− i)
]
. (4.23)
This Darboux point has the spectrum
(Λ1,Λ2) := (Λ,Λ), where Λ = −1+
1− i
3a1
. (4.24)
Note that from the above formula it follows that Λ 6= −1. Assuming that a1 6= 0 and using
(4.24) we can rewrite potential (4.16) in the form
V =
1− i
3(Λ + 1)
q31 + (q2 − iq3)[a2q
2
1 + a4q1(q2 − iq3) + a5(q2 − iq3)
2 + (1+ i)q1q3]. (4.25)
Lemma 4.8. Assume that potential (4.25) has three simple proper Darboux points [d1], [d2] and
[d3] := [d] with the respective spectra (Λ
(i)
1 ,Λ
(i)
2 ) for i = 1, 2, 3. Then the following relations are
satisfied
2
∑
i=1
1
Λ
(i)
1 Λ
(i)
2
=
2i + 2(1− i)a4
a22
,
2
∑
i=1
Λ
(i)
1 + Λ
(i)
2
Λ
(i)
1 Λ
(i)
2
= −
2[a22 + (2i + a
2
2 + 2(1− i)a4)Λ]
a22(Λ + 1)
,
2
∑
i=1
(Λ
(i)
1 + Λ
(i)
2 )
2
Λ
(i)
1 Λ
(i)
2
=
8Λ[a22 + (i + a
2
2 + (1− i)a4)Λ]
a22(1+ Λ)
2
.

(4.26)
The above lemma can be proved directly as we can find coordinates of Darboux points
explicitly. An alternative proof based on the multivariable residue calculus is given in
section 4.6.2.
At the first glance it seems that the above relations are not useful as their right hand-
sides depend on the parameters. Nevertheless, we show the following.
Lemma 4.9. Let potential (4.25) satisfies assumption of Lemma 4.8. Then, either
Λ
(1)
1
(
2+ Λ
(2)
1
)
Λ
(1)
2 + Λ
(2)
1
(
2+ Λ
(1)
2
)
Λ
(2)
2 + Λ
(1)
1
(
Λ
(2)
1 + Λ
(1)
2 + 2Λ
(2)
1 Λ
(1)
2
)
Λ
(2)
2 6= 0,
(4.27)
and the following relation is satisfied
(Λ
(1)
1 −Λ
(2)
1 + Λ
(1)
2 −Λ
(2)
2 )
2 + 4Λ
(1)
1 Λ
(2)
1 Λ
(1)
2 Λ
(2)
2 = 0, (4.28)
or condition (4.27) is not satisfied, but then the relation
1
Λ
(1)
1
+
1
Λ
(1)
2
+
1
Λ
(2)
1
+
1
Λ
(2)
2
= −2, (4.29)
is fulfilled.
Proof. From the first relation (4.26) we find that
a4 =
(1+ i)
[
a22
(
Λ
(1)
1 Λ
(1)
2 + Λ
(2)
1 Λ
(2)
2
)
− 2iΛ
(1)
1 Λ
(1)
2 Λ
(2)
1 Λ
(2)
2
]
4Λ
(1)
1 Λ
(1)
2 Λ
(2)
1 Λ
(2)
2
.
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We substitute this expression into the remaining relations (4.26), and then from the sec-
ond we calculate Λ assuming that inequality (4.27) holds true. We obtain the following
expression
Λ = −
Λ
(1)
1 Λ
(2)
1 Λ
(1)
2 + Λ
(2)
1 Λ
(1)
2 Λ
(2)
2 + Λ
(1)
1
(
Λ
(2)
1 + Λ
(1)
2 + 2Λ
(2)
1 Λ
(1)
2
)
Λ
(2)
2
Λ
(1)
1
(
2+ Λ
(2)
1
)
Λ
(1)
2 + Λ
(2)
1
(
2+ Λ
(1)
2
)
Λ
(2)
2 + Λ
(1)
1
(
Λ
(2)
1 + Λ
(1)
2 + 2Λ
(2)
1 Λ
(1)
2
)
Λ
(2)
2
.
(4.30)
When we substitute this expression into the last relation then we obtain
(Λ
(1)
1 −Λ
(2)
1 + Λ
(1)
2 −Λ
(2)
2 )
2 + 4Λ
(1)
1 Λ
(2)
1 Λ
(1)
2 Λ
(2)
2
Λ
(1)
1 Λ
(1)
2 + Λ
(2)
1 Λ
(2)
2
= 0,
and this gives relation (4.28).
On the other hand, if
Λ
(1)
1
(
2+ Λ
(2)
1
)
Λ
(1)
2 + Λ
(2)
1
(
2+ Λ
(1)
2
)
Λ
(2)
2 + Λ
(1)
1
(
Λ
(2)
1 + Λ
(1)
2 + 2Λ
(2)
1 Λ
(1)
2
)
Λ
(2)
2 = 0,
(4.31)
then necessarily we have also
Λ
(1)
1 Λ
(2)
1 Λ
(1)
2 + Λ
(2)
1 Λ
(1)
2 Λ
(2)
2 + Λ
(1)
1
(
Λ
(2)
1 + Λ
(1)
2 + 2Λ
(2)
1 Λ
(1)
2
)
Λ
(2)
2 = 0. (4.32)
Subtracting (4.31) from (4.32) we get
Λ
(1)
1 Λ
(1)
2 + Λ
(2)
1 Λ
(2)
2 = 0.
But then both these conditions simplify to
Λ
(2)
1 Λ
(2)
2
[
Λ
(1)
1 −Λ
(2)
1 + Λ
(1)
2 −Λ
(2)
2 − 2Λ
(2)
1 Λ
(2)
2
]
= 0.
Since Λ
(2)
1 Λ
(2)
2 6= 0 this is equivalent to relation (4.29).
The main result of this section is the following.
Conjecture 4.4 Assume that potential (4.25) has three simple proper Darboux points, then it is
not integrable.
A justification of the above conjecture gives almost its full proof. First of all, the assump-
tion allows us to apply Lemma 4.8. If the potential is integrable, then either relation (4.28),
or (4.29) has an admissible solution. However, relation (4.29) does not have admissible
solutions. A proof of this fact follows in the same way as proof of Lemma 4.5, see Sec-
tion 4.1.4. Moreover, relation (4.28) have admissible solutions, but all of them have the
following form
Λ
(1)
1 = ±1, Λ
(1)
2 = ∓1, Λ
(2)
2 = Λ
(2)
1 , or
Λ
(2)
1 = ±1, Λ
(2)
2 = ∓1, Λ
(1)
2 = Λ
(1)
1 .
(4.33)
But then, from (4.30), it follows that either Λ = −Λ
(1)
1 , or Λ = −Λ
(2)
1 . This implies that Λ
as well as −Λ is admissible, so either Λ = 0, or Λ = −1 but then the potential is not well
defined and Λ = 1. The first possibility is excluded because it is assumed that all proper
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Darboux points are simple. The second case is also excluded because for it condition (4.27)
is not satisfied.
It remains to show that the only admissible solutions of (4.28) are only those of the form
given by (4.29) or such for that condition (4.27) is not satisfied. From the form of (4.28) it is
clear that among Λ
(i)
j either one or three are negative. There is only finitely many cases that
among Λ
(i)
j three are negative and among them there is no any admissible one satisfying
inequality (4.27). The problem is with cases when only one among Λ
(i)
j is negative. At first
we made a restrictive search of admissible solutions of relation (4.28). Simply we checked
all possibilities taking admissible Λ
(i)
j ∈ [−1, 100]. We found only admissible solutions of
the form (4.33). Later we noticed that in fact one can prove systematically that there is no
other solutions but the proof is very long because we have to consider a lot of separate
cases. The idea is following. Without any loss of the generality we can assume that
Λ
(1)
1 ∈
{
−1,−
589
600
,−
91
96
,−
7
8
,−
481
600
,−
2
3
,−
301
600
,−
3
8
,−
19
96
,−
49
600
}
.
Then the remaining three admissible Λ
(i)
j are rational numbers of the form p, p/3, p/8,
p/96 or p/600, where p is a positive integer. The problem is that we have to take into
account all possibilities for choices of Λ
(i)
j . Positive admissible values of Λ
(i)
j belong to the
set that is the union of the following disjoint sets
N :=
5⋃
i=1
Ni ⊂ Q, (4.34)
where
N1 := N, N2 := {p/3 | p ∈ N, gcd(p, 3) = 1 } N3 := {p/8 | p ∈ N, gcd(p, 8) = 1 } ,
N4 := {p/96 | p ∈ N, gcd(p, 96) = 1 } , N5 := {p/600 | p ∈ N, gcd(p, 600) = 1 } .
Let us consider as example the following possibility: Λ
(1)
1 = −1 and all the remaining Λ
(i)
j
are elements of N2, i.e.,
Λ
(1)
1 = −1, and Λ
(1)
2 =
m1
3
, Λ
(2)
1 =
m2
3
, Λ
(2)
2 =
m3
3
,
where all positive integers m1, m2 and m3 are relatively prime to 3. Then relation (4.28)
becomes
3(3+m1 −m2 +m3)
2 = 4m1m2m3,
but this means that 3+ m1 − m2 + m3 = 2m for a certain integer m ∈ N. Then the above
equation can be rewritten as
3m2 = m1m2m3,
and either m1, or m2, or m3 is divisible by 3, but it is a contradiction with assumption that
mi are relatively prime to 3. The other possibilities can be analysed in the similar way
however the problem is that we have a lot of such possibilities. The number of choices of
three elements among five is (3+5−13 ) = (
7
3) = 35 and it gives the number of choices of the
memberships of three positive Λ
(i)
j to five possible sets Nj. This number combined with
ten choices of negative Λ
(1)
1 gives 350 cases to check!
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Two proper Darboux points. Now, we consider all the cases in which potential (4.16) have
two proper and simple Darboux points. If such a case appears, then either the multiplicity
of the improper Darboux point grows, or an additional improper Darboux point appears.
At first we have to distinguish such cases. Applying resultant analysis for polynomials g1
and g2 defining Darboux points in the affine part of CP2 one can show the following.
Proposition 4.3. If potential (4.16) has less then three proper Darboux points, then either a1 = 0,
or
a2a5Λ[i + 2(1− i)a4 − 2a
2
4 + 6a2a5] = 0, (4.35)
where Λ is given in (4.24).
Hence, we have to consider several cases separately. Result of our analysis is the fol-
lowing.
Lemma 4.10. If potential (4.16) is integrable, has two proper and simple Darboux points and its
remaining Darboux points are improper, then
a5[1− (1+ i)a4] 6= 0, (4.36)
and it has the form
V =
1− i
3(1+ Λ)
q31 + a5(q2 − iq3)
3 + q1(q2 − iq3) [a4(q2 − iq3) + (1+ i)q3] , (4.37)
where Λ 6= −1.
Proof. At first we notice that potential (4.37) is just potential (4.25) with a2 = 0. Under
imposed restrictions on the remaining parameters it has two proper Darboux points. To
prove our lemma we have to show that in remaining cases given by Proposition 4.3 potential
(4.16) is either non-integrable, or it does not have two proper and simple Darboux points.
If a1 = 0, then the potential has an additional improper Darboux point [d] for which
V ′′(d) is not nilpotent, so, by Theorem 2.2, in this case V is not integrable.
If Λ = 0 in (4.25), or, equivalently a1 = (1− i)/3 in (4.16), then the potential has two
proper Darboux points: [d1] with the spectrum (Λ
(1)
1 ,Λ
(1)
2 ), and [d2] with the spectrum
(Λ
(2)
1 ,Λ
(2)
2 ). Of course Λ
(j)
i depend on the parameters of the potential but the following
relations is satisfied
2
∑
i=1
Λ
(i)
1 + Λ
(i)
2
Λ
(i)
1 Λ
(i)
2
= −2.
However, this relation does not have any admissible solution. One can prove this fact in the
same way as it was made in the proof of Lemma 4.5, see Section 4.1.4. Hence, the potential
is not integrable.
Using similar arguments we show that in all the remaining cases V is either non-
integrable or it does not have two proper and simple Darboux points.
Conjecture 4.5 Potential (4.37) is not integrable.
This conjecture is justified by the following facts. Potential (4.37) has two proper Dar-
boux points: [d1] with the spectrum (Λ,Λ) and [d2] with the spectrum (Λ1,Λ2). Moreover,
the following relation is satisfied
Λ1 + Λ2 +
2Λ
Λ + 1
= 0. (4.38)
Taking first few hundreds of smallest admissible values for Λ, Λ1, and Λ2 we did not find
any admissible solution of this relation. Thus we conjecture that it has no such solutions at
all.
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One proper Darboux point. Analysis performed in the previous point gave an extra out-
put. Namely, the distinguished potentials with two proper Darboux points have these two
proper Darboux point under certain conditions imposed on the coefficients of the poten-
tial. Thus, if these conditions are not fullfiled, then the potential has at most one proper
Darboux point. We skip this somewhat lengthy but not so difficult analysis and give here
only the final result.
Proposition 4.4. If potential (4.16) is integrable and has exactly one proper Darboux point which
is simple, then it is of the form
V =
1− i
3(Λ + 1)
q31 + a5(q2 − iq3)
3 +
1
2
(1− i)q1(q
2
2 + q
2
3), (4.39)
where Λ 6= −1 and Λa5 6= 0.
Potential (4.39) has one proper Darboux point at
[d] =
[
1
2
(1+ i)(1+ Λ) : 0 : 0
]
,
and the spectrum of [d] is (Λ,Λ). Moreover, V ′′(d) is semi-simple. Thus, the only neces-
sary condition for the integrability of this potential is this coming from the Morales-Ramis
Theorem 2.1, i.e., Λ + 1 ∈ M3. Fixing Λ to an admissible values we can look for a poly-
nomial first integral of the system applying the direct method. We performed several such
tests for different choices of Λ but we did not find any integrable example.
4.3 Case C
As in the previous cases at first we perform a normalisation of potentials which belong to
the considered class.
Lemma 4.11. If potential (4.1) is integrable and it admits an isolated multiple proper Darboux
point which is not isotropic, then it is equivalent to the following potential
V = a1q
3
1 + a2q
2
1q2 +
1
2
q21q3 + a4q1q
2
2 + a5q
3
2 + a6q
2
2q3 +
1
3
q33. (4.40)
Proof. Let [d] be a multiple proper Darboux point of potential (4.1). As [d] is not isotropic
we can assume without loss of the generality that d = (0, 0, 1). This implies that a8 = a9 = 0
and a7 = 1/3. The Hessian matrix V ′′(d) is of the form
V ′′(d) =
2a3 a10 0a10 2a6 0
0 0 2
 . (4.41)
Point [d] is a multiple point iff V ′′(d) has an eigenvalue λ = 1. Now, we have to consider
two cases: either V ′′(d) is semi-simple or not. If V ′′(d) is semi-simple, then we can assume
additionally that the coordinates are chosen in such a way that V ′′(d) is diagonal. This
imply that a10 = 0. The assumption that [d] is a multiple Darboux point implies that V
′′(d)
has an eigenvalue λ = 1. Without loss of the generality we can assume that a3 = 1/2 and
this gives us potential (4.40).
If V ′′(d) is not semi-simple, then it has eigenvalues λ1 = λ2 and λ3 = 2. As V
′′(d) has
eigenvalues λ = 1, we have λ1 = λ2 = 1. Hence, we can apply Remark 2.3 and show that
in this case V is not integrable. A contradiction shows that this case is impossible.
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A necessary condition for the integrability of potential (4.40) is λ = 2a6 ∈ M3, see (4.21).
Without doubt these conditions are not sufficient. We investigated this question apply-
ing the higher order variational equations. For formulation of the stronger version of
the Morales-Ramis theory based on differential Galois groups of higher order variational
equations see [21; 18] and for application of this method to homogeneous potentials see
[15; 16; 27]. Taking appropriate values for a6 we can apply this method effectively. It
appears that in all checked cases (few tens) the considered potential is not integrable for
arbitrary values of remaining parameters. Of course this approach is hopless if we look for
general results.
4.4 Case D
At first we show the following.
Lemma 4.12. If potential (4.1) is integrable and admits an isolated multiple proper Darboux point
which is isotropic, then it is equivalent to
V = a1q
3
1 + a2q
2
1q2 + (a8 + ia10)q1q
2
2 + a5q
3
2 +
(
1
2
− ia2
)
q21q3 + a10q1q2q3+
1
2
(2ia5 + (a10 − 2ia8)
2)q33 −
1
2
(−2+ 6ia5 + (a10 − 2ia8)
2)q22q3 + a8q1q
2
3 + (−i − 3a5
+ i(a10 − 2ia8)
2)q2q
2
3.
(4.42)
Proof. Let [d] be a multiple proper Darboux point. Because it is isotropic we can assume
that d = (0, i, 1), and this implies that
a4 = ia10 + a8, a6 = 1− 2ia5 − a7, a9 = 2ia7 − a5 − i.
Then V ′′(d) has eigenvalues λ1 = 2i(a2 − ia3) and λ2 = λ3 = 2. Moreover, by the assump-
tion, V is integrable, thus V ′′(d) is semi-simple and this implies that
4(−1+ ia2 + a3)(a5 + ia7) + i(a10 − 2ia8)
2 = 0. (4.43)
Additionally, as [d] is a multiple point we have
2i(a2 − ia3) = 1.
All the above conditions give rise potential (4.42).
Lemma 4.13. Potential (4.42) is not integrable except the case when it is equivalent to
V =
1
4
(q21 + q
2
2 + q
2
3)[4a8q1 − i(1+ 4a
2
8)q2 + (1− 4a
2
8)q3], (4.44)
Proof. We analyse higher order variational equations along the particular solution related
to the multiple proper Darboux point. The absence of the logarithmic terms in the second
order variational equations gives
a1 =
i
2
a10 + a8, a2 =
(−ia10 − 2a8)
3 − 2a8
4(a10 − 2ia8)
. (4.45)
After substitution these values into potential the absence of logarithms in solutions of the
third order variational equations gives the next obstructions
a5 = −
i
4
(1+ 4a28), a10 = 0,
29
and the final form of the potential is given by (4.44). It is an integrable potential because it
admits two commuting first integrals
I1 = p3(q1 + 4a
2
8q1 − 4ia8q2) + ip2((4a
2
8 − 1)q1 + 4a8q3) + p1(i(1− 4a
2
8)q2 − (1+ 4a
2
8)q3),
I2 = 3(p2 + ip3)
2 + 12a28(4p
2
1 + 5(2p
2
2 + 2p
2
3 − i(q2 − iq3)(q2 + iq3)
2)) + 12a8(2ip1(p2 + ip3)
+ q1(q2 + iq3)
2) + (iq2 − q3)
3 + 192a58q1(q2 − iq3)
2 − 64ia68(q2 − iq3)
3 + 48a48((p2 − ip3)
2
+ 5(q2 − iq3)
2(−iq2 + q3)) + 32a
3
8(3p1(ip2 + p3) + q1(4q
2
1 + 9(q
2
2 + q
2
3))).
Now we consider the case when the denominator in (4.45) vanishes, i.e., when a10 = 2ia8
in (4.42). Then the absence of logarithmic terms in solutions of the second order variational
equations gives a1 = a8 = 0. Next, the absence of logarithms in solutions of the third order
variational equations forces a2 = a5 = −i/4 and potential becomes
V =
1
4
(−iq2 + q3)(q
2
1 + q
2
2 + q
2
3).
But the above potential is exactly potential (4.44) taken for a8 = 0 and is integrable.
4.5 Case E
From the analysis performed in all previous subsections we can deduce that potentials
which are integrable and possess a non-isolated proper Darboux points can appear only in
Case B. Moreover, such potentials do not have more than one proper and isolated Darboux
point.
Omitting details, for potential (4.15) appears a one-parameter family of such potentials.
More detailed, for λ = 1 and a4 = 0 potential (4.19) takes the form
V =
1
4
(q2 − iq3)[q
2
1 + 2(q2 − iq3)(2a5(q2 − iq3) + iq3)]. (4.46)
It has infinitely many proper Darboux points
[d] =
[
±2
√
2− 12a5 − iq3 : 2+ iq3 : q3
]
,
with spectrum {0, 0}. This potential is really integrable with commuting first integrals
I1 = p2q1 − p1q2 + i(p1q3 − p3q1), I2 = 3(p2 − ip3)
2 + (q2 − iq3)
3.
For potential (4.16) we selected two families of potentials of this type. Namely, the first
is equivalent to
V =
1
6
[2q31 + 3(1+ i)a5(q2 − iq3)
3 + 3q1(q
2
2 + q
2
3)]. (4.47)
This potential has infinitely many proper Darboux points [d] = [1 : s : is] where s ∈ C, and
it is not integrable for all a5 ∈ C. In fact, the Hessian matrix V ′′(d) has eigenvalues (1, 1, 0),
and it is not semi-simple.
The second family is following
V = q1
[
2q21 + 3(Λ + 1)(q
2
2 + q
2
3)
]
. (4.48)
This potential has infinitely many proper Darboux points given by
[d1] =
[
1
6(Λ + 1)
: d2 : d3
]
, where d22 + d
2
3 =
Λ
(1+ Λ)3
,
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with spectrum (1, Λ̂) where
Λ̂ = −
2Λ
Λ + 1
. (4.49)
It has also one isolated proper Darboux point
[d2] =
[
1
6
: 0 : 0
]
,
with spectrum (Λ,Λ).
Potential (4.48) possesses also one first integral
I1 = p3q2 − p2q3.
For Λ 6= 0 we can rewrite (4.49) as
2
Λ̂
+
1
Λ
= −1. (4.50)
If the potential is integrable, then Λ and Λ̂ belong to M3. This implies that we have only
a finite number of choices of pairs (Λ̂,Λ) ∈ M3 ×M3. In fact, relation (4.50) shows that
at least one element of pair (Λ̂,Λ) is negative, but set M3 contains only a finite number of
negative elements. So, we can easily find all admissible pairs. There are only three such
pairs and all of them give rise integrable potentials.
The first admissible pair is (Λ̂,Λ) = (−1, 1), and the corresponding potential is
V = 2q1[q
2
1 + 3(q
2
2 + q
2
3)].
It is easy to check this potential is equivalent to the integrable potential (3.42). Similarly,
pairs (Λ̂,Λ) = (4,−2/3) and (Λ̂,Λ) = (14,−7/8) give potentials equivalent to the inte-
grable potentials (3.43) and (3.44), respectively.
Finally we notice that the relation (4.49) has also the solution Λ = Λ̂ = 0 that gives
V =
1
6
(1− i)q1[2q
2
1 + 3(q
2
2 + q
2
3)]. (4.51)
This potential has infinitely many proper Darboux points
[d] =
[
1
2
(1+ i) : q2 : ±iq2
]
,
with spectrum {Λ1,Λ2,Λ3} = {0, 0, 1}. Since V
′′(d) is not semi-simple, thus this potential
is non-integrable.
4.6 Relations between spectra of Darboux points
Let us recall that the proof of Theorem 2.3 given in [27] is based on a version of the global
multi-dimensional residues theorem. In Theorem 2.3 a generic case is considered and
this is why its proof is simple. In this section we are going to obtain generalisations of
relations (2.13) and (2.14) for nongeneric cases. The main difficulty is connected with the
fact that the most important nongeneric cases are at the same time the most degenerated
ones.
At first, we briefly recall basic facts about the multi-dimensional residues and the Euler-
Jacobi-Kronecker formula. For details the reader is refered to [1; 12; 11; 28; 13].
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Let f1, . . . , fn ∈ C[x] be polynomials of n variables x1, . . . , xn, and c ∈ C
n be their
isolated common zero, i.e., c ∈ V( f1, . . . , fn). We denote f := ( f1, . . . , fn), and V( f ) :=
V( f1, . . . , fn). We consider differential n-form
ω :=
p(x)
f1(x) · · · fn(x)
dx1 ∧ · · · ∧ dxn, (4.52)
where p ∈ C[x]. The residue of the form ω at x = c is defined by a multiple integral, see
e.g. [11; 12; 13], but if c is a simple point of V( f ), then
res(ω, c) =
p(c)
det f ′(c)
. (4.53)
If c ∈ V( f ) is an isolated but not simple point of V( f ), then we cannot use formula (4.53)
to calculate the residue of the form ω at this point. In such a case we can apply a very nice
method developed by Biernat in [4; 5] that reduces the calculation of a multi-dimensional
residue to a one dimensional case. We describe it shortly below.
Without loss of the generality we can assume that c = 0. Let us consider the following
analytic set
A := {x ∈ U | f2(x) = · · · = fn(x) = 0 } , (4.54)
where U ⊂ Cn is a neighbourhood of the origin. Set A is a sum of irreducible one dimen-
sional components A = A1 ∪ · · · ∪ Am. Let t 7→ ϕ
(i)(t) ∈ Ai, ϕ
(i)(0) = 0, be an injective
parametrisation of Ai. Then we define the following forms
w(i) =
p(ϕ(i)(t))
det f ′(ϕ(i)(t))
f ′1(ϕ
(i)(t)) · ϕ˙(i)(t)
f1(ϕ(i)(t))
dt. (4.55)
As it was shown in [5] we have
res(ω, 0) =
m
∑
i=1
res(w(i), 0). (4.56)
It appears that the sum of residues taken over all points of the set V( f ), under certain
assumptions, vanishes. An example of general results of this type is the classical Euler-
Jacobi-Kronecker formula, see, e.g., [11] and Theorem 3.6 in [27]. However, this theorem
has too strong assumptions concerning polynomials fi.
In order to formulate more general result we extend the differential form (4.52) into a
differential form Ω in CPn. To this end we consider ω as the expression of Ω in the affine
chart on CPn. In order to express Ω on other charts we use the standard coordinate trans-
formations. Poles of form Ω can be located in an arbitrary point in CPn. They are points
of the projective algebraic set V(F) := V(F1, . . . , Fn) ⊂ CP
n, where Fi are homogenisations
of fi and are given by
Fi(z0, z1, . . . , zn) := z
deg fi
0 fi
(
z1
z0
, . . . ,
zn
z0
)
, for i = 1, . . . , n. (4.57)
Let (Ui, θi) be a chart on CP
n and [p] = [p0 : · · · : pn] ∈ Ui ∩ V(F1, . . . , Fn). We can
define the residue of the form Ω at point [p] as
res(Ω, [p]) := res(ω˜, θi([p])), (4.58)
where ω˜ denotes form Ω expressed in the chart (Ui, θi).
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The form Ω is defined by homogeneous polynomials F1, . . . , Fm and polynomial
P(z0, z1, . . . , zn) := z
deg p
0 p
(
z1
z0
, . . . ,
zn
z0
)
. (4.59)
To underline the explicit dependence of Ω on Fi and P we write symbolically Ω = P/F.
The following theorem is a special version of the global residue theorem.
Theorem 4.5. Let V(F) := V(F1, . . . , Fn) be a finite set. Then for each polynomial P such that
deg P ≤
n
∑
i=1
deg Fi − (n+ 1), (4.60)
we have
∑
[s]∈V(F)
res(P/F, [s]) = 0. (4.61)
For the proof and the more detailed exposition we refer the reader to [5; 11].
In order to apply the above theorem we set
fi =
∂V
∂xi
− xi, i = 1, . . . , n, (4.62)
where V ∈ C[x] := C[x1, . . . , xn] is a homogeneous potential of degree k > 2. Here we
consider x1, . . . , xn as affine coordinates of a point with homogeneous coordinates [q0 : q1 :
· · · : qn] in CPn, i.e.,
xi =
qi
q0
, i = 1, . . . , n.
For calculations of the local residues of the form (4.52) with f := ( f1, . . . , fn) given by (4.62)
we use the following fact proved in [27].
Proposition 4.5. Point 0 ∈ V( f ) is a simple point and f ′(0) = −En. Thus we have
res(ω, 0) = (−1)np(0). (4.63)
If d ∈ V( f ) and d 6= 0, then
1. point [d] ∈ CPn−1 is a proper Darboux point of V, i.e., [d] ∈ D⋆(V),
2. the Jacobi matrix f ′(d) has eigenvalues Λ1(d), . . . ,Λn−1(d),Λn(d) = k− 2,
3. if det f ′(d) 6= 0, then
res(ω, d) =
p(d)
(k− 2)Λ1(d) · · ·Λn−1(d)
, (4.64)
4. points dj := ε
jd ∈ V( f ), where ε is a primitive (k − 2)-root of the unity, satisfy f ′(dj) =
f ′(d), for j = 0, . . . , k− 3.
The elements of matrix f ′(x) are polynomials of degree k− 2. Thus, we can take
pl(x) := (Tr f
′(x)− (k− 2))l , with l ∈ {0, . . . , n− 1}. (4.65)
For this choice of pl(x) we have
pl(d) = τ1(Λ(d))
l for d ∈ D⋆(V), (4.66)
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and
pl(0) = (−n− (k− 2))
l. (4.67)
Finally, we notice that the homogenisations F of f are defined by
Fi =
∂V
∂qi
(q)− qk−20 qi, for i = 1, . . . , n. (4.68)
Thus we have to apply Theorem 4.5 to n differential forms Ωl := Pl/F, where Pl is the
homogenisation of polynomial (4.65) with l = 0, . . . , n− 1.
It is easy to observe that if V does not have improper Darboux points, then all poles of
the forms Ωl are located in the affine part of CP
n where q0 6= 0. Moreover, if additionally
all proper Darboux points are simple, then the relations (2.13) and (2.14) in Theorem 2.3
follow easily from Proposition 4.5.
Now, we assume that n = k = 3, and we consider a potential V which has simple
proper Darboux points [di] ∈ CP
2 with corresponding spectra (Λ
(i)
1 ,Λ
(i)
2 ), i = 1, . . . , s < 7.
Moreover, we assume also that V has only one improper Darboux point [s] ∈ CP2 such
that V ′′(s) is nilpotent. Under these assumptions it is easy to see that the relations which
we are looking for and which follow from the global residue Theorem 4.5, have the form
s
∑
i=1
(
Λ
(i)
1 + Λ
(i)
2
)l
Λ
(i)
1 Λ
(i)
2
= (−4)r − Sl, (4.69)
where Sl is the residue of the form Ωl calculate at [ŝ] := [0 : s1 : s2 : s3] ∈ CP
3. In order to
calculate Sl we will apply the Biernat formula (4.55) and (4.56).
4.6.1 Proof of Lemmata 4.3 and 4.4
Potential V given by (4.2) has an improper Darboux point located at [s] = [0 : 0 : 1]. Hence,
[ŝ] := [0 : 0 : 0 : 1] ∈ CP3 is an element of V(F), and thus it is also a pole of Ωl. We
calculate the residue of the forms Ωl at [ŝ]. To this end we have to change variables in the
form
ωl(x) =
pl(x)
f1(x) f2(x) f3(x)
dx1 ∧ dx2 ∧ dx3, (4.70)
in order to pass to the chart of CP3 containing point [ŝ]. Form (4.70) is written on the chart
(U0, θ0) where q0 6= 0, so
x1 =
q1
q0
, x2 =
q2
q0
, x3 =
q3
q0
,
are coordinates of point [q0 : q1 : q2 : q3] ∈ CP
3. Thus, in order to pass into the chart
(U3, θ3) where q3 6= 0, we set
y1 =
q1
q3
=
x1
x3
, y2 =
q2
q3
=
x2
x3
, y3 =
q0
q3
=
1
x3
.
The above defines the desired change of variables x 7→ y. In new variables form (4.70)
reads
ω˜l = −
rl(y)y
2−l
3
h1(y)h2(y)h3(y)
dy1 ∧ dy2 ∧ dy3, (4.71)
where
hi(y) := y
2
3 fi
(
y1
y3
,
y2
y3
,
1
y3
)
, i = 1, 2, 3,
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and
rl(y) := y
l
3pl
(
y1
y3
,
y2
y3
,
1
y3
)
. (4.72)
Notice that the y-coordinates of point [ŝ] are (0, 0, 0) = θ3([ŝ]).
For further calculations we need the explicit forms of polynomials hi and rl . We have
h1(y) = 3a1y
2
1 + y2(2i + a4y2) + y1(2+ 2a2y2 − y3),
h2(y) = a2y
2
1 + 2y1(i + a4y2) + y2(−2+ 3a5y2 − y3),
h3(y) = (y1 + iy2)
2 − y3,
and
rl(y) = [2(3a1y1 + a4y1 + a2y2 + 3a5y2 − 2y3)]
l , l = 0, 1, 2.
In order to use the Biernat formula we choose the analytic set
A := {y ∈ U | h2(y) = h3(y) = 0 } , (4.73)
where U ⊂ C3 is a neighbourhood of the origin. Since
rank
∂(h2, h3)
∂(y1, y2, y3)
(0) = rank
[
2i −2 0
0 0 −1
]
= 2, (4.74)
set A consists of only one branch ϕ passing through the origin. It can be parametrised in
the following way
C ⊃W ∋ t 7−→ ϕ(t) :=
(
−it+ O(t2), t,−
1
4
(a2 + 2ia4 − 3a5)
2t4 +O(t5)
)
∈ U ∈ C3,
where W is a sufficiently small neighbourhood of the origin. This parametrisation gives
the following expressions
rl(ϕ(t)) = [2(−3ia1 + a2 − ia4 + 3a5)t+O(t
2)]l,
det h′(ϕ(t)) = 12(−ia1 + a2 + ia4 − a5)t+O(t
2),
and
h′1(ϕ(t)) · ϕ˙(t)
h1(ϕ(t))
=
2
t
+ O(t0).
To perform further calculations we have to assume that the potential has five proper and
simple Darboux points. Let us recall, see Section 4.1.3, that this assumption implies that
β5 := a1 + ia2 − a4 − ia5 6= 0. (4.75)
It guarantees also that the multiplicity of the only improper Darboux point is two, and
expansion of det h′(ϕ) starts with linear term in t.
Now, we can write the Biernat formula (4.56) for the form ω˜l. As the analytic set A has
only one component, we have
res(ω˜l, 0) = res(wl, 0), (4.76)
where
wl := −
ϕ3(t)2−lrl(ϕ(t))
det h′(ϕ(t))
h′1(ϕ(t)) · ϕ˙(t)
h1(ϕ(t))
dt, (4.77)
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for l ∈ {0, 1, 2}. Using the derived expansions we easily find that
w0 =
(
(a2 + 2ia4 − 3a5)
4t6
96(−ia1 + a2 + ia4 − a5)
+O(t7)
)
dt,
w1 =
(
−
(a2 + 2ia4 − 3a5)
2(3a1 + ia2 + a4 + 3ia5)t
3
12(a1 + i(a2 + ia4 − a5))
+O(t4)
)
dt,
w2 =
(
2(−3ia1 + a2 − ia4 + 3a5)
2
3(−ia1 + a2 + ia4 − a5)
+ O(t1)
)
dt.
As these forms are holomorphic at t = 0, we have
0 = res(wl, 0) = res(ω˜l, 0) = res(Ωl , [ŝ]) = Sl,
for l ∈ {0, 1, 2}. In this way we proved Lemma 4.3, compare formula (4.69) and (4.3).
Now we consider the case when the potential has four proper and simple Darboux
points. Then we can set a5 = a2 + i(a4 − a1). From Section 4.1.3 we know that the require-
ments of the presence of four Darboux points implies
β4 := 3a1 + 2ia2 − a4 6= 0.
Now, it is important to notice that under these conditions the potential still has only one
improper Darboux point which has now multiplicity three. This implies that, as in the
previous case it is enough to calculate the residues of forms ω˜l at y = 0, and as in the
previous case we use for this purpose the Biernat formula. The analytic set A defined
by (4.73) has again only one branch. This follows from formula (4.74). However now it has
the following parametrisation
C ⊃W ∋ t 7−→ ϕ(t) :=
(
−it+ O(t2), t,
1
4
(−3a1 − 2ia2 + a4)
2t4 + O(t5)
)
∈ U ⊂ C3,
which gives rise the following expansions
rl(ϕ(t)) = [(−12ia1 + 8a2 + 4ia4)t+ O(t
2)]l ,
det h′(ϕ(t)) = 6(−3a1 − 2ia2 + a4)
2t2 + O(t3),
and
h′1(ϕ(t)) · ϕ˙(t)
h1(ϕ(t))
=
3
t
+ O(t0).
Inserting the above expansions into (4.77) we obtain
w0 =
(
−
(−3a1 − 2ia2 + a4)
2t5
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+ O(t6)
)
dt,
w1 =
(
−
(−3ia1 + 2a2 + ia4)t
2
2
+ O(t3)
)
dt,
w2 =
(
8
t
+ 2(3ia1 + a2 + 2ia4) +O(t
1)
)
dt.
Thus, we have
res(w0, 0) = res(w1, 0) = S1 = S2 = 0, and res(w2, 0) = S2 = 8.
The above expressions and the formula (4.69) prove Lemma 4.4.
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4.6.2 Proof of Lemma 4.8
Potential given by (4.25) possesses the isotropic improper Darboux point [s] = [0 : i : 1].
Hence, point [ŝ] = [0 : 0 : i : 1] ∈ CP3 belongs to V(F) and is a pole of forms Ωl. Now, we
introduce local coordinates centred at point [ŝ] putting
y1 =
x1
x3
, y2 =
x2
x3
− i, y3 =
1
x3
.
Using these coordinates we obtain
h1 =
1
Λ + 1
[(1− i)y21 + (1+ Λ)y2(1+ i + a4y2) + (1+ Λ)y1(2a2y2 − y3)],
h2 = a2y
2
1 + 3a5y
2
2 + y1(1+ i + 2a)4y2)− (i + y2)y3,
h3 = −i[a2y
2
1 + 3a5y
2
2 + y1(1+ i + (−1+ i + 2a4)y2)− iy3].
Now we assume that potential (4.25) possesses three simple proper Darboux points, i.e.
a2a5Λ[4(−1 + i + a4)a4 − 2(i + 6a2a5)] 6= 0. Under these assumptions [s] is the only im-
proper Darboux point of the potential, and the analytic set
A := {y ∈ U | h2(y) = h3(y) = 0 } , (4.78)
has three branches passing through the origin. Their parametrisations ϕ(i)(t) are following
C ⊃W ∋ t 7−→ ϕ(1)(t) :=
(
t, 0, (1− i)t− ia2t
2
)
∈ U,
C ⊃W ∋ t 7−→ ϕ(2)(t) :=
(
t,
2a2t
1− i − 2a4 + b
, (1− i)t
)
∈ U,
C ⊃W ∋ t 7−→ ϕ(3)(t) :=
(
t,
2a2t
1− i − 2a4 − b
, (1− i)t
)
∈ U,
where
b =
√
4(i − 1+ a4)a4 − 2(i + 6a2a5).
Let w
(i)
l denotes the Biernat form (4.77) calculated for parametrisation ϕ
(i)(t). A direct
calculations give the following formulae
w
(1)
0 =
(
(1+ i)(1+ Λ)
a2Λt2
+
(Λ− 1)(Λ + 1)
Λ2t
+O(t0)
)
dt,
w
(2)
0 =
(
(1− i)(1− i − 2a4 + b)
2
4a22bt
+O(t0)
)
dt,
w
(3)
0 =
(
−
(1− i)(−1+ i + 2a4 + b)
2
4a22bt
+O(t0)
)
dt,
w
(1)
1 =
(
−
2(1+ i)
a2t2
−
2(1+ 2Λ)
Λt
+O(t0)
)
dt,
w
(2)
1 =
(
−
(1− i)(−1+ i + 2a4 − b)((1+ i)a
2
2(1+ Λ) + Λ(−1+ i + 2a4 − b))
2a22(1+ Λ)bt
+O(t0)
)
dt,
w
(3)
1 =
(
(1− i)(−1+ i + 2a4 + b)((1+ i)a
2
2(1+ Λ) + Λ(−1+ i + 2a4 + b))
2a22(1+ Λ)bt
+O(t0
)
dt,
37
w
(1)
2 =
(
4(1+ i)Λ
a2(1+ Λ)t2
+
12
t
+O(t0)
)
dt,
w
(2)
2 =
(1− i)((1+ i)a22(1+ Λ) + Λ(−1+ i + 2a4 − b))
2
a22(1+ Λ)
2bt
+ O(t0))dt,
w
(3)
2 =
(
−
(1− i)((1+ i)a22(1+ Λ) + Λ(−1+ i + 2a4 + b))
2
a22(1+ Λ)
2bt
+ O(t0)
)
dt.
Hence, we have
S0 =
3
∑
i=1
res(w
(i)
0 , 0) = 1+
2i(−1+ (1+ i)a4)
a22
−
1
Λ2
,
S1 =
3
∑
i=1
res(w
(i)
1 , 0) = −
2[2i(−1+ (1+ i)a4)Λ
2 + a22(1+ Λ)
2]
a22Λ(1+ Λ)
,
S2 =
3
∑
i=1
res(w
(i)
2 , 0) =
4[2i(−1+ (1+ i)a4)Λ
2 + a22(1+ Λ)(3+ Λ)]
a22(1+ Λ)
2
.
Now, using formula (4.69) with s = 3 and taking into account that Λ
(3)
1 = Λ
(3)
2 = Λ, we
obtain (4.26). This finishes the proof.
5 Final remarks
Let us compare the analysis given in this paper with those concerning generic potentials
presented in [27]. In the generic case the procedure is well determined for any chosen n
and k. The starting points are universal relations between the spectra of Darboux points of
the potential, see Theorem 2.3. They guarantee the finiteness of the distinguished spectra.
Obviously, it is a very hard job to find all of them but we know that their number is finite.
If we already calculated the distinguished spectra, then we reconstruct the corresponding
potentials. Obviously this is also highly non-trivial task because we have to solve systems
of nonlinear equations. For n = k = 3 each distinguished spectrum gave one integrable
potential.
In the nongeneric case there is no such obvious one procedure. The reason is that
nongeneric cases have various origins: the multiple proper Darboux points and improper
Darboux points. Additionally the multiplicity of proper as well as improper Darboux
points can change in some limits. This causes that there is no one universal set of relations.
The relations exist and we found how to obtain them for the case n = k = 3 using the
multivariable residue calculus. However, for bigger n and k, an application of the multi-
variable residue calculus meets highly non-trivial problems. Furthermore, in some cases
the obtained relations depend on the potential coefficients. Thus, they lost the universal
character and we cannot prove the finiteness of the distinguished spectra. In some cases,
see section 4.2.2, from the set of relations containing coefficients of potential, see e.g. (4.26),
one can obtain an universal relation, see e.g. (4.28). But its form depends on the considered
case and it is unclear if it gives rise the finiteness of choices of distinguished spectra, see
the analysis in the end of section 4.2.2.
It seems that the most difficult for the integrability analysis are potentials with multiple
nonisotropic proper Darboux points, see potential (4.40). For such potentials one of eigen-
values λ of the Hessian matrix V ′′(d) at the multiple Darboux point [d] depends on the
coefficients of the potential, e.g. for (4.40) we have λ = 2a6. This fact causes strong diffi-
culties for the integrability analysis made by means of higher order variational equations
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along the particular solution defined by this multiple Darboux point. We have the obstruc-
tion that λ ∈ M3 and obviously, for a given λ ∈ M3 higher order variational equations
give very quickly a definite answer but the problem is that the set M3 is not finite. The
alternative method is to try to repeat the analysis similar to that performed for potentials
with improper Darboux points. In the most generic case we have six different proper Dar-
boux points and three relations depending on parameters. From them we can deduce one
universal relation but generally there is no way to obtain such a universal relation when
the number of different proper Darboux points is smaller than six. The complete analysis
will be presented in a separate paper but we only mention that no integrable potential with
a multiple isolated proper nonisotropic Darboux point was found.
Concluding, it seems that to make a complete integrability analysis in nongeneric cases
some additional tools and theoretical facts are necessary.
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A Normal forms of symmetric matrices
In Chapter XI of the book [9] the following theorem was proved.
Theorem A.1. Let A ∈M(n,C) and AT = A. There exists U ∈ O(n,C) such that A = UA˜U−1,
where A˜ is a block-diagonal matrix of the form
A˜ = diag{λ1En1 + Sn1 ,λ2En2 + Sn2 , . . . ,λpEnp + Snp},
where λ1,λ2, . . . ,λp are eigenvalues of S, Eni denotes the identity matrix of dimension ni, and Sni
is a symmetric matrix of the following form
2Sni =

0 1 0 · · · · · · 0
1
. . .
. . .
. . .
...
0
. . .
. . .
. . .
. . .
...
...
. . .
. . .
. . .
. . . 0
...
. . .
. . .
. . . 1
0 · · · · · · 0 1 0

+ i

0 · · · · · · 0 −1 0
... . .
.
. .
.
. .
.
1
... . .
.
. .
.
. .
.
. .
.
0
0 . .
.
. .
.
. .
.
. .
. ...
−1 . .
.
. .
.
. .
. ...
0 1 0 · · · · · · 0

, (A.1)
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and ∑
p
i=1 ni = n.
For n = 3 this theorem gives the following three possible normal forms of a symmetric
nilpotent matrix N ∈ M(3,C)
N˜0 =
0 0 00 0 0
0 0 0
 , N˜1 =
−i 1 01 i 0
0 0 0
 , N˜2 =
 0 1− i 01− i 0 1+ i
0 1+ i 0
 .
However, we need slightly modified normal forms. Namely we take three matrices Pi ∈
O(3,C) where P0 = E3, and
P1 =
0 0 10 1 0
1 0 0
 , and P2 =
0 0 11 0 0
0 1 0
 ,
and we set
H i := P
T
i N˜ iPi for i = 0, 1, 2.
Then we obtain
H0 =
0 0 00 0 0
0 0 0
 , H1 =
0 0 00 i 1
0 1 −i
 , H2 =
 0 1+ i 1− i1+ i 0 0
1− i 0 0
 .
These new normal forms have the following property
H id0 = d0 for i = 0, 1, 2,
where d0 = (0, i, 1)T .
We apply the above facts in the proofs of the following two lemmas.
Lemma A.1. Let V ∈ C[q] = C[q1, q2, q3] be a homogeneous potential of degree k > 2 having an
improper Darboux point [d] ∈ CP2 with d = (0, 0, 1) such that the Hessian matrix N := V ′′(d)
is nilpotent. Then there exists potential V˜ equivalent to V, such that [d] is an improper Darboux
point of V˜, and V˜ ′′(d) = N˜ i, where i = rank V˜
′′(d).
Proof. Let N := V ′′(d). At first we notice that d is an eigenvector of N , and thus N has the
form
N =
[
C 0
0T 0
]
,
where C is a 2 × 2 nilpotent symmetric matrix, and 0 = [0, 0]. Hence rankN < 2. If
rankN = 0, then N is already in the normal form, so we take V˜ = V and the lemma is
proved. If rankN = 1, then the matrix U ∈ O(3,C) is of the form
U =
[
W 0
0T 1
]
,
whereW ∈ O(2,C) is a matrix which transforms C to its normal form. Notice that Ud = d.
Now, potential V˜(q) := V(Uq) satisfies the requirement of the lemma and this ends the
proof.
Lemma A.2. Let V ∈ C[q] = C[q1, q2, q3] be a homogeneous potential of degree k > 2 having an
improper Darboux point [d0] ∈ CP2 with d0 = (0, i, 1) such that the Hessian matrix N := V ′′(d)
is nilpotent. Then there exists potential V˜ equivalent to V, such that [d] is an improper Darboux
point of V˜, and V˜ ′′(d) = N˜ i, where i = rank V˜
′′(d).
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Proof. Obviously the lemma is true when rankN = 0. If rankN = i > 0, then we take
matrix U i which transforms N into the normal form H i, and set V˜(q) := V(U iq). One can
show that U id0 = αid0, for a certain αi ∈ C
⋆, so
V˜ ′(d0) = U
T
i V
′(αid0) = α
2
iU
T
i V
′(d0) = 0.
This ends the proof.
B Explicit forms of first integrals for potential (4.19)
In section 4.2.1 we formulated the conjecture about the integrability of potential
Vλ :=
1
4
(q2 − iq3)[λq
2
1 + 2(q2 − iq3)(2a4q1 + 2a5(q2 − iq3) + iq3)], (B.1)
for all λ ∈ M3 \ {1}, see (4.21). We recall that it has one first integral for all values of the
parameters
I0 = 3(p2 − ip3)
2 + (q2 − iq3)
3, (B.2)
and we show some examples of supplementary first integrals. If λ is given by the first item
of the Morales-Ramis table (2.12) i.e.
λ = p+
3
2
p(p− 1), p ∈ Z,
then for p = 0 potential is super-integrable with commuting first integrals {I0, I1} = 0, and
for |p| ≥ 1 is only integrable. Explicit forms for small p are the following.
• p = 0, λ = 0
I1 = p1 − 2a4p2 + 2ia4p3,
I2 = 2(6a5 − 1)p
2
2q1 + 4(1− 3a5)p
2
3q1 − 8a
3
4(q2 − iq3)
4 + q1(q2 − iq3)
2((6a5 − 1)q2
+ 2i(1− 3a5)q3) + 2p1p3(i(q2 + 6a5q2)− 2q3 + 6a5q3) + 32a
2
4(p2 − ip3)(p2q1 − p1q2 + ip1q3
− ip3q1) + 2p2(3i(1− 4a5)p3q1 + p1(q2 − 6a5q2 + 2i(3a5 − 2)q3)) + 2a4(−4p1(p2 − ip3)q1
− 6p23q2 + 4p
2
1(q2 − iq3) + 6ip
2
2q3 + 6p2p3(−iq2 + q3) + (q2 − iq3)
2(q21 − (q2 − iq3)((6a5 − 1)q2
+ 2i(1− 3a5)q3))),
• p = −1, λ = 2
I1 = 2(p2 − ip3)(p1 − a4p2 + ia4p3) + q1(q2 − iq3)
2,
• p = 2, λ = 5
I1 = 4(p
2
3 − p
2
2)q1 + 4p2(2ip3q1 + p1(q2 − iq3)) + p1p3(−4iq2 − 4q3)
+ (2q1 + a4(q2 − iq3))(q2 − iq3)
3,
• p = −2, λ = 7
I1 = (p2 − ip3)(2a4(2(p2 − ip3)
2 + 3(q2 − iq3)
3) + 21q1(q2 − iq3)
2)
+ 3p1(4(p2 − ip3)
2 − (q2 − iq3)
3),
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• p = 3, λ = 12
I1 = 8(p2 − ip3)
3q1 − 8p1(p2 − ip3)
2(q2 − iq3)− 2(p2 − ip3)(6q1
+ a4(q2 − iq3))(q2 − iq3)
3 + p1(q2 − iq3)
4,
• p = −3, λ = 15
I1 = (8p1 + 5a4(p2 − ip3))(p2 − ip3)
3 + 30(p2 − ip3)
2q1(q2 − iq3)
2
− 6(p2 − ip3)(p1 − a4p2 + ia4p3)(q2 − iq3)
3 − 3q1(q2 − iq3)
5,
• p = 4, λ = 22
I1 = 112p
4
2q1 − 112p1p
3
2q2 + 42p1p2q
4
2 − 28p
2
2q
3
2(12q1 + a4q2) + q
6
2(21q1 + 2a4q2).
If λ belongs to the second item of the Morales-Ramis table (2.12), i.e.
λ =
1
2
(
2
3
+ 3p(p+ 1)
)
, p ∈ Z,
then potential is super-integrable with one additional first integral and as commuting first
integrals we can choose {I0, I1} or {I0, I2}.
◮ p = 0, λ = 1/3
I1 = 12p1(p2 − ip3)(q1 + 3a4(q2 − iq3))− 6a4q1(6(p2 − ip3)
2 + (q2 − iq3)
3)− 12p21(q2 − iq3)
+ q21(q2 − iq3)
2 + 9a24(q2 − iq3)
4,
I2 = 108a4p
2
1(p2 − ip3)− 12p
3
1 − 3p1(9a
2
4(12(p2 − ip3)
2 + (q2 − iq3)
3) + q21(q2 − iq3)
− 6a4q1(q2 − iq3)
2) + (p2 − ip3)(q
3
1 + 54a
3
4(6(p2 − ip3)
2 + (q2 − iq3)
3)− 27a24q1(q2 − iq3)
2),
◮ p = 1, λ = 10/3
I1 = 4410p
3
1(p2 − ip3) + 180p1(p2 − ip3)(54a
2
4((p2 − ip3)
2 + (q2 − iq3)
3) + 49q21(q2 − iq3)
+ 105a4q1(q2 − iq3)
2)− 63p21(108a4(p2 − ip3)
2 − 35q1(q2 − iq3)
2 + 66a4(q2 − iq3)
3)
− 4(245q31(3(p2 − ip3)
2 − 4(q2 − iq3)
3) + 2430a34(p2 − ip3)
2(2(p2 − ip3)
2 + (q2 − iq3)
3)
+ 27a24q1(261(p2 − ip3)
2 + 32(q2 − iq3)
3)(q2 − iq3)
2 − 756a4(9(−1+ 4a5)(p2 − ip3)
4
− 6(p2 − ip3)
3(p2 + ip3)− 2(p
2
2 + p
2
3)(q2 − iq3)
3 − (q2 − iq3)
5(q2 + iq3)
+ 2(p2 − ip3)
2(q2 − iq3)(−5q
2
1 + 3(q2 − iq3)((2a5 − 1)q2 − 2ia5q3)))),
I2 = 4(−42a4q1(18(p2 − ip3)
4 + 9(p2 − ip3)
2(q2 − iq3)
3 − 8(q2 − iq3)
6) + 49q21(−15(p2 − ip3)
2
+ 4(q2 − iq3)
3)(q2 − iq3)
2 + 9a24(21(p2 − ip3)
2 + 16(q2 − iq3)
3)(q2 − iq3)
4)
− 147p21(−24(p2 − ip3)
2 + (q2 − iq3)
3)(q2 − iq3) + 84p1(p2 − ip3)((49q1
+ 39a4(q2 − iq3))(q2 − iq3)
3 − 6(p2 − ip3)
2(7q1 − 6a4q2 + 6ia4q3)),
◮ p = −1, λ = 1/3
I1 = 12p1(p2 − ip3)(q1 + 3a4(q2 − iq3))− 6a4q1(6(p2 − ip3)
2 + (q2 − iq3)
3)− 12p21(q2 − iq3)
+ q21(q2 − iq3)
2 + 9a24(q2 − iq3)
4,
I2 = 12p
3
1 − 108a4p
2
1(p2 − ip3) + 3p1(9a
2
4(12(p2 − ip3)
2 + (q2 − iq3)
3) + q21(q2 − iq3)
− 6a4q1(q2 − iq3)
2)− (p2 − ip3)(q
3
1 + 54a
3
4(6(p2 − ip3)
2 + (q2 − iq3)
3)− 27a24q1(q2 − iq3)
2).
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For the next four items of the Morales-Ramis table (2.12) corresponding potentials are
also super-integrable but explicit forms of first integrals are more complicated. Thus we
reproduce here explicit expressions for the first element from the family
λ = −
1
24
+
1
6
(1+ 3p)2, p ∈ Z,
for p = 0 that gives λ = 1/8 and the additional first integrals are
I1 = 31360p
4
1 − 301056a4 p
3
1(p2 − ip3) + 24(37888a
4
4 − 147(1− 4a5)
2
− 22848a24(−1+ 4a5))(p2 − ip3)
4 + 672(−7+ 544a24 + 28a5)(p2 − ip3)
3(p2 + ip3)
− 4p1(p2 − ip3)(343q
3
1 + 16a4(16a4(16a4(96(p2 − ip3)
2 + 5(q2 − iq3)
3)− 63q1(q2 − iq3)
2)
+ 147q21(q2 − iq3))) + 112p
2
1(6(−7+ 2080a
2
4 + 28a5)(p2 − ip3)
2 − 28(p22 + p
2
3) + (35q
2
1
− 224a4q1(q2 − iq3) + 2(640a
2
4(q2 − iq3)− 7(q2 + iq3))(q2 − iq3))(q2 − iq3))
− 28(p22 + p
2
3)(q2 − iq3)(7q
2
1 + 224a4q1(q2 − iq3)− 8(q2 − iq3)((−7+ 544a
2
4)q2
− i(7+ 544a24)q3))− (q2 − iq3)
2(49q41 + 64a4q1(−3840a
2
4(q2 − iq3) + 49(q2 + iq3))(q2 − iq3)
2
+ 56(−1088a24(q2 − iq3) + 7(q2 + iq3))(q2 − iq3)
2(q2 + iq3) + 98q
2
1(q
2
2 + q
2
3))
+ 2(p2 − ip3)
2(−784(p2 + ip3)
2 + 1568a4q1(q
2
1 + 3(−1+ 4a5)(q2 − iq3)
2)
+ 340992a34q1(q2 − iq3)
2 + 40960a44(q2 − iq3)
3 + 11424a24(q2 − iq3)(q
2
1
+ 8(q2 − iq3)((2− 4a5)q2 + 4ia5q3)) + 147(−1+ 4a5)(q2 − iq3)(q
2
1 + 8(q
2
2 + q
2
3))),
I2 = 263424p
3
1(p2 − ip3)(7q1 + 48a4(q2 − iq3))− 4704p
2
1(224a4q1(12(p2 − ip3)
2 + (q2 − iq3)
3)
− 256a24(−24(p2 − ip3)
2 + (q2 − iq3)
3)(q2 − iq3)− 49q
2
1(q2 − iq3)
2)
+ 112p1(p2 − ip3)(5376a
2
4q1(48(p2 − ip3)
2 + 7(q2 − iq3)
3)− 343q31(q2 − iq3)
+ 4096a34(48(p2 − ip3)
2 − 11(q2 − iq3)
3)(q2 − iq3)− 7056a4q
2
1(q2 − iq3)
2)
+ 2401q41(4(p2 − ip3)
2 + (q2 − iq3)
3)− 114688a34q1(192p
4
2 − 768ip
3
2p3 + 192p
4
3
+ 16ip2p3(48p
2
3 − 5(q2 − iq3)
3)− 8p22(144p
2
3 − 5(q2 − iq3)
3)− 40p23(q2 − iq3)
3 + (q2 − iq3)
6)
− 1843968p41(q2 − iq3) + 75264a
2
4q
2
1(12(p2 − ip3)
2 + (q2 − iq3)
3)(q2 − iq3)
2
− 21952a4q
3
1(q2 − iq3)
4 + 65536a44(84(p2 − ip3)
2 + (q2 − iq3)
3)(q2 − iq3)
4,
with {I0, I1} = {I0, I2} = 0.
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